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In this paper we investigate the effects of three-dimensional disturbance waves on
the stability of a two-dimensional channel flow with one compliant surface. The study
exploits the multideck structure of the flow in the limit of large Reynolds numbers to
make an asymptotic analysis of the flow and to derive linear neutral stability results.
The study shows that for a flow over flexible surfaces, three-dimensional disturbances
may be more unstable than two-dimensional modes for a given set of wall properties.
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1. Introduction

Relatively few studies of the effects of three-dimensional disturbances on

compliant wall stability have been conducted. The early studies, for example [1]

and others (with a few exceptions such as [9]), were primarily concerned with

the study of two-dimensional disturbances.

In [16], Yeo offers two explanations for the apparent preoccupation with

the study of two-dimensional disturbances in most of the investigations into the

stability of boundary layer flow over compliant surfaces. He reasons that the

relative simplicity in the formulation and analysis of two-dimensional distur-

bances may be a contributing factor but more importantly, according to the

inviscid theory, the most unstable modes for a prescribed wavenumber are two-

dimensional flow induced surface instabilities (see [3]). However, there is as yet
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no evidence to suggest that the same is true for viscous flows over compliant

surfaces. Recent studies, see [14], [15] and [5] have, in fact, suggested that com-

pliant walls are much more susceptible to three-dimensional instabilities than

rigid walls. In [5] it was shown that for compliant walls with good transition de-

laying properties, obliquely propagating three-dimensional waves are likely to be

more unstable than the two-dimensional waves. Indeed Yeo, [16], showed that

the stability of two-dimensional boundary layers is characterized by a strong

degree of three-dimensionality and there are no a priori grounds to assume that

the most unstable modes will be two-dimensional.

Studies on two- and three-dimensional disturbances in a two-dimensional

boundary layer have also been carried out in [4]. In this study, the triple-deck

theory is used to investigate the evolution of the disturbances over isotropic and

anisotropic compliant walls. The study showed that viscous effects have a much

more profound influence on disturbances in the boundary layers over anisotropic

compliant walls in comparison with isotropic compliant walls. However, the study

does not give any indication of how the compliance parameters (such as mass

density, visco-elastic damping, etc.) affect the behaviour of the disturbances over

each class of compliant walls. The study by Joslin and others, [8], suggested that

properly designed compliant walls can stabilize three-dimensional wave modes

despite the fact that these modes may be growing faster than two-dimensional

modes.

Detailed studies of three-dimensional wave modes in flows over compliant

walls have also been made in [14] and [16]. The study in [16] provides a summary

of the three-dimensional results in [14] with additional new results. Comparisons

with two-dimensional wave modes are made for the flow over a two-dimensional

boundary layer. The effects of wall stiffness and material damping on each class

of waves is carefully analyzed. It is found that for sufficiently compliant walls,

increasing wall stiffness tends to promote the dominance of three-dimensional

TSI modes over two-dimensional modes. Material damping was also shown to

play an important role in determining the relative dominance of the two- and

three-dimensional modes.

In [12] the effect of thermal buoyancy on the linear stability of three-dimensio-

nal waves was considered. It was found that the effect of three-dimensional modes

is more significant than that of two-dimensional modes when the wavenumber is

varied against the tension parameter, the spring stiffness and the flexural rigidity

of the flexible surface. In this paper the effects of three-dimensional disturbances

on the stability of two-dimensional channel flow with one compliant surface in

the absence of thermal buoyancy are studied. The study extends the analysis

made in [6] to three-dimensional disturbances.
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2. Mathematical formulation

2.1. The equations of motion

Consider the flow of an incompressible fluid in a channel of infinite extent
and with one compliant surface. The equations governing the motion of three-
dimensional disturbances spreading within the channel can be expressed in non-
dimensional form as:

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,(2.1)

Du

Dt
= −∂p

∂x
+

1

R

(

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

)

,(2.2)

Dv

Dt
= −∂p

∂y
+

1

R

(

∂2v

∂x2
+

∂2v

∂y2
+

∂2v

∂z2

)

,(2.3)

Dw

Dt
= −∂p

∂z
+

1

R

(

∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2

)

,(2.4)

where p is the pressure, R is the Reynolds number, x, y and z are respectively, the
streamwise, the normal and spanwise coordinates, u is the velocity component in
the streamwise direction with v and w being respectively the velocity components
in the y and z directions and t is time. Equations (2.1)–(2.4) have been non-
dimensionalised by setting

(x′, y′, z′) = L(x, y, z), (u′, v′, w′) = UB(u, v, w) and R = UBL/ν∗,

where the primes denote dimensional quantities, L is the undisturbed channel
width, UB is the channel centreline speed and ν∗ is the coefficient of kinematic
viscosity of the fluid.

2.2. The flexible wall equations

In this study we restrict the motion of the compliant surface to only vertical
displacements. At the upper rigid channel wall, the fluid motion satisfies the
no-slip constraint

u = v = w = 0, at y = 1,

while at the lower flexible surface the fluid motion is governed by

u = w = 0, v =
∂η

∂t
at y = η(x, z, t).
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The surface displacement η(x, z, t) satisfies the dynamic condition (see for ex-
ample, [11])

(2.5) ∇p =
T

R2

(

∂2η

∂x2
+

∂2η

∂z2

)

− M
∂2η

∂t2
− d

R

∂η

∂t

− B

R2

(

∂4η

∂x4
+ 2

∂4η

∂x2∂z2
+

∂4η

∂z4

)

− κ

R2
η.

The non-dimensional physical parameters M, d, B, T and κ are respectively
the mass density per unit length, the damping, the flexural rigidity of the plate,
the tension and the spring stiffness while ∇p is the change in the mechanical fluid
pressure. Equation (2.5) has been non-dimensionalised using the fluid density ρ∗,
the density of the plate material ρm, the channel width L, the centre-line velocity
UB and the viscosity µ∗ where

(x, z, t) =
1

L

(

x′, z′, UBt′
)

, η =
η′

L
, ∇p =

∇p′

ρ∗U2
B

, T =
T ′ρ∗L

µ2
∗

,

κ =
κ′L3ρ∗

µ2
∗

, M =
ρmb′

ρ∗L
, d =

d′L

µ∗

, B = B′ρ∗µ
2
∗L.

The asymptotic structure for the upper branch stability of channel flows is now
well-known, see for example [13]. This enables us, for large Reynolds number, to
define a small parameter ǫ = R−1/11 and introduce scaled flow variables ξ, X, Z
and T defined by:

X = ǫ3x, Z = ǫ3z, T = ǫ5t, ξ = ǫ(α0x + β0z − ǫ2α0c0t),

where α0 and β0 are respectively the scaled real wavenumbers in the streamwise
and spanwise directions and c0 is the scaled phase velocity of the waves. The
frequency of the disturbances ω0 and the oblique wavenumber γ0 are defined by
ω0 = α0c0 and γ2

0 = α2
0 + β2

0 respectively. In terms of the slow variables, the
derivatives in Eqs. (2.1)–(2.4) become

(2.6)

∂

∂t
→ −ǫ3α0c0

∂

∂ξ
+ ǫ5

∂

∂T
,

∂

∂x
→ ǫα0

∂

∂ξ
+ ǫ3

∂

∂X
,

∂

∂z
→ ǫβ0

∂

∂ξ
+ ǫ3

∂

∂Z
,

so that Eqs. (2.1)–(2.4) can now be written in the form:
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(

α0ǫ
∂

∂ξ
+ ǫ3

∂

∂X

)

u +
∂v

∂Y
+

(

ǫβ0
∂

∂ξ
+ ǫ3

∂

∂Z

)

w = 0,

ǫ3
(

−α0c0
∂

∂ξ
+ ǫ2

∂

∂T

)

u + ǫu

(

α0
∂

∂ξ
+ ǫ2

∂

∂X

)

u + v
∂u

∂Y

+ ǫw

(

β0
∂

∂ξ
+ ǫ2

∂

∂Z

)

u = −ǫ

(

α0
∂

∂ξ
+ ǫ2

∂

∂X

)

p + ǫ11
(

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2

)

,

(2.7) ǫ3
(

−α0c0
∂

∂ξ
+ ǫ2

∂

∂T

)

v + ǫu

(

α0
∂

∂ξ
+ ǫ2

∂

∂X

)

v + v
∂v

∂Y

+ ǫw

(

β0
∂

∂ξ
+ ǫ2

∂

∂Z

)

v = − ∂p

∂Y
+ ǫ11

(

∂2v

∂x2
+

∂2v

∂y2
+

∂2v

∂z2

)

,

ǫ3
(

−α0c0
∂

∂ξ
+ ǫ2

∂

∂T

)

w + ǫu

(

α0
∂

∂ξ
+ ǫ2

∂

∂X

)

w + v
∂w

∂Y

+ ǫw

(

β0
∂

∂ξ
+ ǫ2

∂

∂Z

)

w = −ǫ

(

β0
∂

∂ξ
+ ǫ2

∂

∂Z

)

p + ǫ11
(

∂2w

∂x2
+

∂2w

∂y2
+

∂2w

∂z2

)

.

In this study we consider a three-dimensional disturbance wave of amplitude
O(δ) where this δ ≪ 1 and depends on the Reynolds number. This study focuses
only on linear disturbances and from [7], it is well known that the first significant
departure from linear theory occurs only when δ ∼ O(R−14/33).

2.3. The flow regions

The flow region is a multi-deck asymptotic structure identical to that in [6]
which consists of seven distinct regions for each of the lower and upper halves
of the channel including the shared main inviscid region R1 in Fig. 1. Our focus
is on the upper-branch stability so that the viscous wall layer (Stokes layer) and
the critical layer are distinct. Following [10, 12] and other earlier authors, our
solution technique consists of deriving asymptotic expansions of the solution in
various regions followed by appropriate matching at the subdomain boundaries.
We first consider the solution in the core region R1. Let (UB, 0, 0, pB) be the
steady state laminar flow and superimpose a small perturbation so that the
perturbed total flow takes the form

(2.8)
(u, v, w) = (UB, 0, 0) + δ(ũ0, ǫṽ0, ǫ

2w̃0) + δǫ2(ũ1, ǫṽ1, ǫ
2w̃1) + · · · ,

p = pB + δǫ2p̃0 + δǫ4p̃1 + · · · ,
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Fig. 1. Schematic diagram of the channel cross-section illustrating the multi-deck fluid flow
structure. The lower flexible surface can be modelled by an elastic plate or a continuous

springy elastic foundation.

where ũi, ṽi, w̃i and p̃i are functions of the boundary layer variables Y , ξ, X, Z
and T . The expansions (2.8) are now substituted into Eqs. (2.7). If we equate
the leading order terms, a system of differential equations is obtained. These
equations give the leading order solutions

(2.9) ũ0 = AUBy, ṽ0 = −α0AξUB, w̃0ξ = −β0p̃0ξ

α0UB
,

where A = Ā(X, Z, T )eiξ + c.c is an unknown displacement function and c.c
denotes the complex conjugate. Additionally, the pressure is an integral of the
basic flow and an unknown contribution from the lower flexible surface given by

(2.10) p̃0 = P0 + α2
0Aξξ

y
∫

0

U2
B ds,

where P0 = P̄0(X, Z, T )eiξ + c.c is the unknown pressure at the lower surface.
At the next order of perturbation quantities, the governing equations give the

solutions for the normal velocity component and the pressure as, respectively,

(2.11) ṽ1 = UB
γ0

α0

y
∫

1/2

p̃0ξ

U2
B

ds + α0c0Aξ − α0A1ξUB,
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(2.11)
[cont.]

p̃1 = P1 + γ2
0

y
∫

0

U2
B







y
∫

1/2

p̃0

U2
B

ds1






ds + 2α2

0c0A

y
∫

0

UB ds

− α0(α0A1ξξ − AXξ)

y
∫

0

U2
B ds,

where the additional displacement A1 and the pressure P1 are unknown functions
of X, Z and T . In region R2, the appropriate scaled transverse coordinate is
y = ǫ2Ȳ with Ȳ ∼ 0(1). The solutions found in region R1 imply that the local
perturbations take the form

(2.12)
u = λ1ǫ

2Ȳ + λ2ǫ
4Ȳ 2 + · · · + δ(ū0 + ǫ2ū1) + · · · ,

(v, w, p) = (0, 0, pB) + δ(ǫ3v̄0, w̄0, ǫ
2p̄0) + δǫ2(ǫ3v̄1, w̃1, ǫ

2p̄1) + · · · ,

where

λ1 =
dUB

dy
, 2λ2 =

d2UB

dy2
at y = 0.

Substituting the expansions into the equations of motion and solving the result-
ing differential equations gives the following solutions:

(2.13)

ū0 = λ1A +
β2

0 p̄0

α2
0(λ1Ȳ − c0)

, v̄0 = −γ2
0

p̄0ξ

λ1α0
− α0Aξ(λ1Ȳ − c0),

w̄0 = − β0p̄0

α0(λ1Ȳ − c0)
, p̄0 = P0(X, Z, T ).

It is worth noting here that in this three-dimensional analysis, ū0 and w̄0 exhibit
a pole-type singularity when ζ = Ȳ − c0/λ1 → 0, unlike the corresponding
two-dimensional problem where such a singularity is not found in ū0.

The second-order velocity component v̄1 is given by

(2.14) v̄1 = −γ2
0 p̄1ξ

λ1α0
− 2β0p̄0Z

λ1α0
+

(

β2
0

α2
0

− 1

)

p̄0X

λ1
− (AT + c0AX)

− iα0
λ2

λ1
A

(

ζ2 + 2
c0

λ1
ζ{ln |ζ| + φ±} − c2

0

λ2
1

)

− 2iα0c0
λ2

λ1
η0

[

ζ{ln |ζ| + φ±} − c0

λ1

]

− iĀ1α0λ1ζ,

where Ā1 is an unknown function of X, Z, T and p̄1 = P1e
iξ. This solution

contains terms that are irregular when ζ = 0, called the critical level. A thin
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region, the critical layer, is thus introduced on either side of this level and the
terms φ± are introduced to smooth the solution across this critical layer (the +
sign refers to positive ζ and the − refers to negative ζ). In the linear theory it is
now well established that φ+ − φ− = iπ. Similar terms can be found in [12] and
in the references therein.

2.4. The compliant wall conditions

The equation for the wall motion, (2.5), is rewritten in the form

(2.15) ∇p = p′ = T̄ (ηxx + ηzz) − Msǫ
−4ηtt − d̄ǫηt

− Bsǫ
2(ηxxxx + 2ηxxzz + ηzzzz) − κsǫ

2η,

where the constants T̄ , Ms, Bs, d̄ and κs are related to the original constants in
Eq. (2.5) by

(2.16) T̄ =
T

R2
, Ms = Mǫ4, Bs =

B

ǫ2R2
, d̄ =

d

ǫR
, κs =

κ

ǫ2R2
.

This choice of scalings is motivated by equations (2.6) and ensures the retention
of the influence of wall parameters in the eigenvalue problem. In particular, it
enables the scaled parameters to appear as O(1) constants in the eigenvalue
problem.

The fluctuating pressure at the wall, p′ and the surface displacement are
expanded in the form

p′ = δ(ǫ2p̂0 + ǫ4p̂1) + · · · and η = δ(η0 + ǫ2η1) + · · · .

Setting ηi = η̂i(X, Z, T )eiξ + c.c. (for i = 0, 1, . . .) and matching the solutions
in regions R1 and R2 shows that the vertical displacement of the lower wall is
related to the amplitude of the disturbances by

(2.17) η0 =
α2

0c0λ1A

s0γ2
0 − α2

0c0λ1
where s0 = −γ2

0T0 + Msα
2
0c

2
0 − γ4

0Bs − κs.

At the next order we obtain

(2.18) p̂1 = P̄1 = s0η1 + 2iT̄ (α0η0X + β0η0Z) + id̄α0c0η0

+ 2iMsα0c0η0T + 4iBs(α
3
0η0X + β3

0η0Z).

In addition to the analysis for the inviscid regions R1 and R2 and the wall
conditions considered above, it is also necessary to consider the motion of the
fluid in the region R4, the Stokes layer, adjacent to the moving wall surface.
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In particular, the solutions in region R2 do not satisfy the no-slip conditions
at the wall and it is therefore necessary to introduce this viscous layer with
y = η(x, z, t) + ǫ4Y where Y is the 0(1) coordinate and UB ∼ ǫ4λ1Y + · · ·
as y → 0. The total flow takes the form

u = UB + δû0 + · · · , v = −ǫ3δα0c0ηξ + δǫ5v̂0 + · · · ,

w = δŵ0 + ǫ2δŵ1 + · · · , p = pB + δǫ2p̂0 + · · · .

The leading order equations which govern the Stokes layer flow are a linear
system of partial differential equations similar to those derived in [2] but with
the streamwise momentum equation slightly modified by the compliance of the
lower surface. These are

iα0û0 + v̂0Y + iβ0ŵ0 = 0, −iα0c0(û0 + λ1η0) = −iα0p̂0 + û0Y Y ,(2.19)

p̂0Y = 0, −iα0c0ŵ0 = −iβ0p̂0 + ŵ0Y Y .(2.20)

The boundary conditions are obtained by requiring a matching of the solutions
to the above equations with the flow in region R2 and that there should be no
slip at the lower wall, giving

û0 ∼ λ1A − β2
0

α0c0
p̄0, ŵ0 ∼ β0

α0c0
p̄0 as Y → ∞,(2.21)

û0 = −λ1η0, v̂0 = ŵ0 = 0 at Y = 0.(2.22)

The solutions to the above system of equations are

(2.23) û0 =
p̂0

c0

{

1 − exp(−mY )
}

− λ1η, ŵ0 =
β0p̂0

α0c0

{

1 − exp(−mY )
}

,

where m = (α0c0)
1/2e−iπ/4. The solution for v̂0 becomes

(2.24) v̂0 = −iγ2
0

p̂0

α0c0

(

Y +
exp(−mY )

m
− 1

m

)

+ iα0λ1Y η.

In deriving the amplitude equation, we are interested in the finite part of v̂0 as
Y → ∞. This is obtained from (2.24), and is given by

(2.25) v̂0f =
iγ2

0 p̂0

mc0α0
.

Having considered the solution of the problem in the lower half of the channel,
it is now necessary to consider the solutions in the upper half, namely regions R5
to R7 in Fig. 1. However, except for the boundary conditions, stating that the
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normal velocity vanishes identically at the top wall, the derivation and analysis of
the perturbed flow is similar to that already outlined above for regions R2 to R4.
As such, we omit most of the details and give below the main perturbation
solutions for the regions R5 to R7 close to the top rigid wall. We use the notation
˜̃u0, ˜̃v0, ˜̃w0 and ˜̃p0 to represent the leading order streamwise, normal, spanwise
and pressure perturbations at the upper end of the channel.

In region R5, which contains the upper critical layer, the leading order solu-
tions for the perturbation velocity and pressure quantities are found to be

(2.26) ˜̃u0 = λ̂1A +
β2

0

α2
0

˜̃p0

(λ̂1Ỹ − c0)
, ˜̃v0 = −iα0AỸ ,

and

(2.27) ˜̃w0 = −β0

α0

˜̃p0

(λ̂1Ỹ − c0)
, ˜̃p0 =

α2
0c0λ̂1

γ2
0

A,

where λ̂1 = UBy|y=1 and 2λ̂2 = UByy|y=1 and Ỹ is the O(1) normal coordinate.
The leading order streamwise and spanwise velocity components are found, as
expected, to exhibit a pole-type singularity in the vicinity of the critical layer.

The normal velocity and pressure components of second order have the solu-
tions

˜̃v1 = − iγ2
0

λ̂1α0

˜̃p1 −
1

λ̂1

(

1 − β2
0

α2
0

)

˜̃p0X − 2β0

α0λ̂1

˜̃p0Z − (AT + c0AX)

(2.28) −iα0λ̂2A

(

ξ̃2 + 2
c0

λ̂1

ξ̃[ln |ξ̃| + φ̃±] − c2
0

λ̂1

)

−iÃ1qα0λ̃1ξ̃,

˜̃p1 = ˜̃p1(X, Z, T ),

where ξ̃ = Ỹ − c0/λ̂1 and the terms φ̃± represent the phase jump across the
upper critical layer. From the analysis of the Stokes layer near the upper rigid
wall, the displacement condition on ˜̃v1 is found to be

(2.29) ˜̃v1(Ỹ = 0) = −i
γ2

0
˜̃p0

c0mα0
.

3. Linear stability neutral curve results

The analysis of the results obtained in the previous sections is similar to that
of the two-dimensional disturbance waves given in [6]. In particular, matching
the leading order solutions across the regions leads to the dispersion relation for
the three-dimensional disturbances:

(3.1)
α2

0c
2
0λ

2
1

s0γ2
0 − α2

0c0λ1
= γ2

0I0 + c0(λ̂1 − λ1).



Linear stability of two-dimensional flow to ... 303

We note that if β0 = 0 then γ0 = α0 and the dispersion relation is just that for
the two-dimensional waves in [6]. The second expression obtained by eliminating
P1, Ā1, η1, Ã1, ˜̃p0 and ˜̃p1 from the solutions outside the critical layer is

(3.2) iA
(

c0D6 − λ1D7

)

+
iα0λ

2
1s0A

m
(

s0a0 − c0λ1

)

+
c0λ1γ

2
0

α0s0a0

[

− 2T̄
(

iα0η0X + iβ0η0Z

)

− d̄α0c0η0

]

+
c0λ1γ

2
0

α0s0α0

[

− 2Msα0c0η0T − 4Bs

(

α3
0η0X + β3

0η0Z

)

]

+ λ1η0T − iα0c0λ1A11

= 2iα0c
2
0

λ2

λ1

(

A + η0

)(

φ+ − φ−

)

− a1c0λ1s0

s0a0 − c0λ1
AZ − a2c0λ1s0

s0a0 − c0λ1
AX

−
(

1 − c0λ1

s0a0

)

[

2iα0c
2
0

λ̂2

λ̂1

(

φ̃+ − φ̃−

)

A + γ2
0AXI0 + iα0

(

γ2
0I0 + c0λ̂1

)

A11

− a2c0λ̂1

a0
AX − λ1

(

AT − c0AX

)

− 2
α0c0λ̂1β0

γ2
0

AZ − λ̂1

(

AT + c0AX

)

−iD9A +
iα3

0c0λ̂1

c0mγ2
0

A

]

,

where A11 represents the eiξ component of A1. Here a0 = α−2
0 γ2

0 , a1 = 2α−1
0 β0,

a2 = 2 − a0 and the real constants D6, D7, D9 are given in the Appendix.
The expression (3.2) can further be simplified by noting that the dispersion

relation implies that the coefficient of A11 is zero. We also observe a strong de-
pendence of the evolution equation on the properties of the critical layer through
the jumps (φ+ − φ−) and (φ̃+ − φ̃−).

In order to make a systematic study of the above equation, we restrict our-
selves to the neutral case and use the standard linear jump conditions φ+−φ− =
iπ and φ̃+ − φ̃− = −iπ. The real part of Eq. (3.2) gives

(3.3)
2α0c

2
0λ2s0a0π

λ1(s0a0 − c0λ1)
+

2α0c
2
0λ2

λ1

(s0a0 − c0λ1)

s0a0
= − c3

0γ
2
0λ2

1d1r

s0a0(s0a0 − c0λ1)

− α0λ
2
1s0√

2m̄(s0a0 − c0λ1)
− α3

0λ
2
1(s0a0 − c0λ1)√
2m̄s0a0γ2

0

,

where d1r is the real part of d̄. It can be seen that the characteristic equations
form two equations in three unknown variables, namely, α0, β0 and c0. In gen-
eral, in order to be able to determine all the eigenvalues, an additional criterion
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or relationship must be supplemented. However, for our purposes, attention is
focused on oblique waves which grow only in the direction of propagation. In this
case γ0 becomes the sole eigenvalue with α0 = γ0 cos θ and β0 = γ0 sin θ, where
θ is the angle of propagation of the disturbance. With these modifications, the
characteristic eigenvalue relationships become characteristic equations for the
eigenvalues α0 and c0.

4. Analysis of limiting cases

In order to obtain an intuitive understanding of the effects of the flexible
surface material parameters on the fluid flow, we consider a number of limiting
cases when some of the parameters are either large or small. An exhaustive
parametric study would be mathematically intractable on account of the large
number of physical parameters present.

The cases singled out here have been chosen so that s0 = −γ2
0T0 +Msα

2
0c

2
0 −

γ4
0Bs − κs reduces to a simple form that would allow for a detailed examination

of Eq. (3.3).

(i) T0 = Bs = Ms = 0, d1r finite and ks → ∞.

Physically, with the surface parameters having these values, the motion of the
wall surface would effectively be governed by Hooke’s law. If ks → ±∞ (which
implies increasing rigidity of the compliant surface) then s0 → ±∞ and α0, c0

approach the three-dimensional rigid-wall values:

(4.1) α0r = λ1

(

4 cos14 θ

λ2
2π

2I5
0

)1/11

, c0r =
α2

0I0

2λ1 cos2 θ
.

The equivalent two-dimensional values are given by Eq. (5.2) of [6].

(ii) d1r → ∞ .

In this limit both α0 and c0 become large, indicating a possible destabilization of
the flow. As in the corresponding two-dimensional problem, the precise limiting
case depends on the values of the other physical parameters, namely, T0, Ms and
Bs. Thus, for example, when T0 = Ms = Bs = 0 and ks is finite, we obtain

(4.2) c0 =
α2

0I0

λ1 cos2 θ
, α0 =

λ2
1d1r

2λ2πI0
.

If Ms = 0, Bs 6= 0, T0 6= 0 and ks 6= 0

(4.3) c0 =
α2

0I0

2λ2 cos2 θ
, α0 =

(−λ2
1I0d1r

8B2
sλ2π

)1/5

.
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If Ms 6= 0, Bs 6= 0, T0 6= 0 and ks 6= 0,

(4.4) c0 =
α2

0I0

2λ2 cos2 θ
, α0 =

(−2λ6
1 cos8 θd1r

M2
s πλ2I3

0

)1/9

.

The above results all indicate the destabilizing nature of viscoelastic damping.
However, increasing the mass density Ms and the rigidity Bs may have the effect
of counteracting the effects of large damping, as seen from Eqs. (4.3) and (4.4).

5. Neutral stability curves

In this section we present a limited parametric study of the eigenvalue prob-
lem (3.3) in order to gain a qualitative and quantitative understanding of how the
various surface parameters affect the stability of the three-dimensional distur-
bances. Figures 2 to 4 show the response of the three-dimensional disturbances
to changes in parametric values.

The results show the variation of the neutral wavenumber α0 against the
wall stiffness parameter κs, the wall tension T0 and the damping parameter, d1r.
These results are compared with the corresponding two-dimensional results of [6]
(which are illustrated by dotted lines).
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Fig. 2. Plot of the linear neutral wavenumber α0 versus the scaled spring stiffness parameter
ks with d1r = 10 and T0 = Ms = Bs = 0 fixed.
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Fig. 3. Plot of the linear neutral wavenumber α0 against the tension parameter T0 with
other parameters having fixed values: d1r = 10, ks = 1 and Ms = Bs = 0.
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Fig. 4. Plot of the linear neutral wavenumber α0 against the damping parameter d1r with
other wall parameters assuming fixed constant values: ks = 1, T0 = 0.001 and Ms = Bs = 0.
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Figure 2 shows the variation of the neutral wavenumber α0 with respect to
the wall stiffness parameter ks for d1r = 10, θ = 30◦, 45◦, 60◦ with all other para-
meters set to zero. It can be seen that as ks becomes large, the wavenumber α0

tends to the rigid wall limit which depends on the degree of three-dimensionality
of the disturbances, as characterized by the angle θ. This has been predicted in
the analysis of the limiting cases, cf. equations (4.1) above. The wavenumbers
for the approach to the rigid wall limit are, however, much smaller than those
for the corresponding two-dimensional case of [6].

For some finite values of compliant surface parameters T0, κs and d1r,
Figs. 2–4 show that the wavenumbers and consequently, the wave speeds grow
without limit. What is of particular interest however is that, in the vicinity of
these critical values of compliant parameters, Figs. 3 and 4 appear to suggest that
a branch of the three-dimensional disturbances has marginally larger wavenum-
bers than the corresponding two-dimensional modes, particularly for large values
of θ. This appears to support the conclusion in [16] that for a flow over compliant
surfaces, two-dimensional modes may not necessarily be the most unstable. A
choice of surface parameters may be found that would promote the dominance
of three-dimensional modes.

Figure 3 shows the variation of the neutral wavenumber α0 against the ten-
sion parameter T0 for θ = 15◦, 30◦, 45◦, ks = 1 and d1r = 10 with all other
parameters set to zero. We note that an increase in the value of θ leads to
smaller wavenumbers when T0 → 0 and that the rigid wall limit is approached
when T0 becomes large. A similar trend is observed in Fig. 4. However, Fig. 3
shows the existence of a region, 0.01 ≤ T0 ≤ 0.018, where an “upper-branch”
of the three-dimensional disturbances may be slightly more dominant than the
two-dimensional modes. This effect is particularly strong for large oblique angles
θ, that is for strongly three-dimensional wave modes. The same effect is observed
in Fig. 2 for 1 ≤ κs ≤ 2 and in Fig. 4 for 6 ≤ d1r ≤ 8.

In Fig. 4 we show the variation of the neutral wavenumber against the damp-
ing parameter d1r for ks = 1, T0 = 0.001, θ = 15◦, 30◦ and 45◦ with all other
parameters set to zero. Again we see that, except for the region 6 ≤ d1r ≤ 8,
an increase in the three-dimensionality of the perturbations leads to smaller
wavenumbers. However, unlike the case when ks and T0 were varied, the rigid
wall limit is not recovered when d1r becomes large.

In Figs. 5 and 6 we show the variation of the wavenumber α0 against the angle
θ. In particular, Fig. 5 shows the variation of the neutral wavenumber against the
angle θ for d1r = 20, ks = 0.5, 1, 1.5 and 2 with all the other parameters set equal
to zero. The effect is a decrease of the angle θ at which the wavenumbers become
progressively larger. Similar curves were obtained when the wavenumber α0 was
plotted against θ keeping ks and d1r fixed and varying T0 and Bs, respectively.
As in [12], Figs. 5 and 6 show the existence of two distinct modes, the “lower
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branch” corresponding to the rigid wall solutions and the “upper branch” which
is as a result of wall compliance.
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Fig. 5. Plot of the linear neutral wavenumber α0 against the oblique angle θ for increasing
spring stiffness, ks = 0.5, 1, 1.5, 2 and with other wall parameters fixed at d1r = 20 and

T0 = Ms = Bs = 0.
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Fig. 6. Plot of the linear neutral wavenumber α0 against the oblique angle θ for increasing
damping, d1r = 10, 20, 50 and fixed parameters ks = 1 and T0 = Ms = Bs = 0.
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6. Concluding remarks

In this paper we have directly extended the two-dimensional work in [6] to the
study of the stability of three-dimensional disturbances in a channel flow with
one compliant surface. In order to gain an intuitive understanding of the effects of
the compliant surface parameters, we have obtained and analyzed some limiting
cases of the linear neutral results. As in the case of two-dimensional disturbances,
the effect of damping is seen to be destabilizing. This may, in practice, however
be mitigated by the competing effects of other surface parameters.

A limited parametric study was attempted and the results obtained indi-
cate that the three-dimensional disturbances are, in general, more stable that
the two-dimensional modes. However, our results also show that a judicious
choice of compliant surface parameters could result in three-dimensional modes
being more dominant, and consequently more unstable, confirming the conclu-
sion in [16].

Appendix

The integrals Ik and constants Dk appearing in the paper are:

I0 =

1
∫

0

U2
Bds, I1 =

1
∫

0

UB ds,

I2 =

1
∫

0

UB

y1
∫

1/2

1

U2
B

ds1ds,

I3 =

1
∫

0

U2
B

y
∫

1/2

1

U2
B

∫ y1

0
U2

B ds2ds1ds,

I4 =

0
∫

1/2

(

1

U2
B

− 1

λ2
1y

2
+

2λ2

λ3
1y

)

ds,

I5 =

0
∫

1/2

1

U2
B

y
∫

0

U2
B ds1ds,

I6 =

1
∫

1/2

(

1

U2
B

− 1

λ̂2
1(y − 1)2

+
2λ̂2

λ̂3
1(y − 1)

)

ds,
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I7 =

1
∫

1/2

1

U2
B





y
∫

1

U2
B ds1



 ds,

D0 = α0γ0λ1I2 −
2α0c0λ2

λ1
,

D1 =
2α0c

2
0λ2

λ2
1

(

ln |c0

λ 1
| + (

s0λ1α
2
0

s0γ2
0 − c0λ1α2

0

)(1 + ln | c0

λ1
|)
)

,

D2 = λ1D1 − c0D0 − (
γ2

0s0 − λ1α
2
0c0

s0α0
)(α0I0 − 2c0 + γ0) − α2

0γ0c0I1,

D6 = α0λ1a0

[

s0λ1c0

s0a0 − λ1c0
(I4 −

1

λ2
1

) − α2
0I5

]

− 2αα0c0

λ1
,

D7 =
2λ2α0c

2
0

λ2
1

[

λ1c0

s0a0 − c0λ1
(1 + ln | c0

λ1
|) + ln | c0

λ1
|
]

,

D9 = c0D2 − 2α0c
2
0

λ̂2

λ̂1

ln | c0

λ̂1

| + s0a0c0I2

s0a0 − c0λ1
− α0γ

4
0(I3 +

1

α2
0

) + 2α0c0γ
2
0I1,

D10 = −c0D6 + λ1D7 + D9(1 − c0λ1

s0a0
).
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