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Abstract

This paper is concerned with micropolar thermoelastic materials with double porosity
structure. The system of the equations of the assumed model is based on the equations of motion,
equilibrated stress equations of motion and heat conduction equation for material with double
porosity. The explicit expressions for the fundamental solution of the system of equations in case
of steady vibrations are presented. The desired solutions are constructed by the use of elementary
functions. Some basic properties are also established. The aspect of the particular cases of
Scarpetta et al.[25], Scarpetta [42], Ciarlette et al [45] and Svanadze [51] are also deduced form
the present investigation.

Keywords: Micropolar thermoelasticity; Double porosity; Fundamental solution; Steady
vibrations

1. Introduction

Porous media theories play an important role in many branches of engineering including
material science, the petroleum industry, chemical engineering, biomechanics and other such
fields of engineering. The construction and the intensive investigation of the theories of continua
with microstructures arise by the wide use of porous materials into engineering and technology.
Representation of a fluid saturated porous medium as a single phase material has been virtually
discarded. The material with the pore spaces such as concrete can be treated easily because all
concrete ingredients have the same motion if the concrete body is deformed. However the
situation is more complicated if the pores are filled with liquid and in that case the solid and
liquid phases have different motions. Due to these different motions, the different material
properties and the complicated geometry of pore structures, the mechanical behavior of a fluid
saturated porous thermoelastic medium becomes very difficult. So researchers from time to time,
have tried to overcome this difficulty and we see many porous media in the literature. A brief
historical background of these theories is given by de Boer [1,2].

As far as modern era is concerned Biot [3] proposed a general theory of three-
dimensional deformation of fluid saturated porous salts. Biot theory is based on the assumption
of compressible constituents and till recently, some of his results have been taken as standard



references and basis for subsequent analysis in acoustic, geophysics and other such fields.
Another interesting theory is given by Bowen [4], de Boer and Ehlers [5] in which all the
constituents of a porous medium are assumed to be incompressible. The fluid saturated porous
material is modeled as a two phase system composed of an incompressible solid phase and
incompressible fluid phase, thus meeting the many problems in engineering practice, e.g. in soil
mechanics. One important generalization of Biot’s theory of poroelasticity that has been studied
extensively started with the works by Barenblatt et al. [6], where the double porosity model was
first proposed to express the fluid flow in hydrocarbon reservoirs and aquifers.

The double porosity model represents a new possibility for the study of important
problems concerning the civil engineering. It is well-known that, under super- saturation
conditions due to water of other fluid effects, the so called neutral pressures generate unbearable
stress states on the solid matrix and on the fracture faces, with severe (sometimes disastrous)
instability effects like landslides, rock fall or soil fluidization (typical phenomenon connected
with propagation of seismic waves). In such a context it seems possible, acting suitably on the
boundary pressure state, to regulate the internal pressures in order to deactivate the noxious
effects related to neutral pressures; finally, a further but connected positive effect could be
lightening of the solid matrix/fluid system.

Wilson and Aifanits [7] presented the theory of consolidation with the double porosity.
Khaled, Beskos and Aifantis [8] employed a finite element method to consider the numerical
solutions of the differential equation of the theory of consolidation with double porosity
developed by Aifantis[7]. Wilson and Aifantis [9] discussed the propagation of acoustics waves
in a fluid saturated porous medium. The propagation of acoustic waves in a fluid-saturated
porous medium containing a continuously distributed system of fractures is discussed. The
porous medium is assumed to consist of two degrees of porosity and the resulting model thus
yields three types of longitudinal waves, one associated with the elastic properties of the matrix
material and one each for the fluids in the pore space and the fracture space.

Beskos and Aifantis [10] presented the theory of consolidation with double porosity-II
and obtained the analytical solutions to two boundary value problems. Khalili and Valliappan
[11] studied the unified theory of flow and deformation in double porous media. Aifantis [12-
15] introduced a multi-porous system and studied the mechanics of diffusion in solids.
Moutsopoulos et al. [16] obtained the numerical simulation of transport phenomena by using the
double porosity/ diffusivity continuum model. Khalili and Selvadurai [17] presented a fully
coupled constitutive model for thermo-hydro —mechanical analysis in elastic media with double
porosity structure. Pride and Berryman [18] studied the linear dynamics of double —porosity
dual-permeability materials. Straughan [19] studied the stability and uniqueness in double
porous elastic media .

Svanadze [20-24] investigated some problems on elastic solids, viscoelastic solids and
thermoelastic solids with double porosity. Scarpetta et al. [25, 26] proved the uniqueness



theorems in the theory of thermoelasticity for solids with double porosity and also obtained the
fundamental solutions in the theory of thermoelasticity for solids with double porosity.

Nunziato and Cowin [27] developed a nonlinear theory of elastic material with voids.
Later, cowin and nunziato [28] developed a theory of linear elastic materials with voids for the
mathematical study of the mechanical behavior of porous solids. They also considered several
applications of the linear theory by investigating the response of the materials to homogeneous
deformations, pure bending of beams and small amplitudes of acoustic waves. Nunziato and
Cowin have established a theory for the behavior of porous solids in which the skeletal or matrix
materials are elastic and the interstices are voids of material.

Iesan and Quintanilla [29] used the Nunziato-Cowin theory of materials with voids to
derive a theory of thermoelastic solids, which have a double porosity structure. This theory is not
based on Darcy’s law. In contrast with the classical theory of elastic materials with the double
porosity, the double porosity structure in the case of equilibrium is influenced by the
displacement field. Marin et al. [56] presented a new model for micropolar bodies with double
porosity.

The mechanical behavior of solids with voids, solids containing microscopic components,
cannot be described by means of the classical theory of elasticity. In reality, almost all materials
possess microstructure and in such materials, microstructural motions cannot be ignored. Eringen
[30] introduced the theory of micropolar elasticity which has aroused much interest in recent
years because of its possible utility in investigating the deformation properties of solids for
which the classical theory in adequate. The micropolar theory has been useful in investigating
material consisting of bar like molecules, which exhibit the microrotational effects and can
support body and surface couples. A micropolar continuum is a collection of interconnected
particles in the form of small rigid bodies undergoing both translational and rotational motions.
The force at a point of the surface element of bodies is completely characterized by stress vector
and couple stress vector at that point.

The linear theory of micropolar thermoelasticity was developed by extending the theory
of micropolar continua thermal effect. The comprehensive review on this theory was given by
Eringen[31] and Nowacki [32]. Touchert et al. [33] derived the basic equations of the linear
theory of micropolar coulpled thermoelasticity. Chandrasekharaiah [34] developed a heat flux
dependent micropolar thermoelasticity. Boschi and Iesan [35] extended a generalized theory of
micropolar thermoelasticity that permits the transmission of heat as thermal waves at finite
speed.

The construction of fundamental solutions has great importance in many mathematical,
physical and engineering problems.To investigate the boundary value problems of the theory of
elasticity and thermoelasticity by potential method, it is necessary to construct a fundamental
solution of systems of partial differential equations and to establish their basic properties



respectively. Hetnarski [36,37]studied the fundamental solutions in the classical theory of
coupled thermoelasticity. The information related to fundamental solutions of differential
equations is contained in the books of H 0 rmander [38,39].Various authors [41-54] have derived
the fundamental solutions in different theories of continuum mechanics.

In the present paper, the fundamental solution of system of equations in the case of steady
vibrations in terms of elementary functions are constructed and basic properties of the
fundamental solution are established. Some particular cases of interest have also been deduced.

2. Basic equations

Let X=(X,X,,X;) be the point of the Euclidean three-dimensional space

1
RY|X| = (x]+x3+x3)%,D, = i,i,i , and let t denote the time variable.
OX, OX, OX,

Following Marin et al. [56], the basic equations for isotropic, homogeneous micropolar
thermoelastic material with double porosity structure in the absence of body forces, body
couples, extrinsic equilibrated body forces and heat sources are:

(+x)AU+(A+ u)graddivl+xcurl® + b grad@ + d grady — B gradT = pU
(yA-2x)® +(a + B) grad div ®@ + rcurll + ¢,grad @ + d grady = pjé

aAD +D AT —bdivi-a,p — o7 + 7, T —C,divd = x,9

bAD +y, AW —ddivi —o,p — a7 +y,T —d,divd = x,iy

K'AT - AT divli—yT,5—7,T,i7 = pC'T (1)

where U= (T,,T,,0,) is the displacement vector; ® = (®,,D,,®D,) is the microrotation
vector A and u are Lame’s constants; p is the mass density; p; is cofficient of inertia;
p= (31 +2 ,u)oc[ ; a, is the linear thermal expansion; C” is the specific heat at constant strain; T,
is the displacement components; x, and i, are coefficients of equilibrated inertia; ¢ and ' are

the volume fraction fields corresponding to pores and fissures respectively ; K" is the
coefficient of thermal conductivity and b,d,b,,7,,7,,7,,Cy,d,, x are constitutive coefficients; &
is the Kronecker’s delta; T is the temperature change measured form the absolute temperature
T, (T0 #* 0); a superposed dot represents differentiation with respect to time variable t and Ais

the Laplacian operator.

If the displacement vector U , microrotation vector ® ,volume fractions fields @, and

temperature distribution T have a harmonic time variation as

{U, @, (ﬁ,ﬁ,f} (X, t)= Re[{u,q),(p, v, TH(X) efim] )



Using (2) in (1) yield the system of steady vibrations as

[(,u + K)A +pw’ ] u+ (ﬁ, + ,u)grad divu+xcurl® + bgrade + dgrady — SgradT=0

(}/A + 4 )d) +(a + ,B)grad div®+xcurlu +c,grade +d grady =0

(aA+ 1, )+ (bA-a;)y —bdivutyT —c,divd =0 (3)
(bA—a;)@+(7yA+ 1y )y —d divut+y,T —ddiv®d =0

(K,A— pCHT = T divu—yT,0—y,Tw =0

where @is the oscillation frequency (> 0), and

K
W= P =2k, =Ko —a,, i =K0" —a,, K =
Introducing the matrix differential operator
E(D,) =|E,.(D,), ,
where
2
E(D,)=|(u+k)A+pao* |5 +(1+ ,
(D) =[(u+K)A+pw |8, +( /1)8Xm8xn
3 0
Em,n+3(Dx) = Em+3,n(Dx) = Kz Emm A >
r=1 aXr
0 0
Em7(Dx) = _E7m(Dx) = baﬂ EmS(Dx) = _ESm(Dx) =d a:
£, (D) =B, By oa(D,) = (1At 11,)6, +(c+ ) —2—,
m X axm m+3,n+ X mn axmaxn
0 0
Em+3,7(Dx) = _E7,n+3(Dx) = CO a’ Em+3,8(Dx) = _E8,n+3(Dx) = d0 a’

E,,(D,)=aA+u, ,E(D,)=Ey(D,)=bA~-a;,E,(D,) =7,
Ew(D) =7,,E5(D,)==7Ty,Ew(D,) ==7,T,,Ex(D,) = 7,A + s,

0
E9m(Dx) = _ﬁTO g’ Em+3,9(Dx) =0= E9,n+3 (Dx)a
E,,(D,)=kA—pC" mn=12,3

0,

o 1 the Kronecker’s delta and ¢, is the alternating symbol.

The system (3) can be written as



E(D,)U(x)=0
where U = (u,®,p,y,T) is a nine-component vector function on R’.
We assume that
a5y (p+x)#0 4)
where

a,=A+2u+x,a,=a+p+y,a,=ay,-b’. Evidently, if condition (4) are satisfied, then E is

the elliptic differential operator [38].
Definition: The fundamental solution of the system (3) (the fundamental matrix of operator E )

is the matrix A(x)= HAgh(x)HM satisfying condition [38]

E(D)AX) =) (x)

where o is the Dirac delta, | = Hé'ghug , 1s the unit matrix, and x & R’.
Now we construct the matrix A(x) in terms of elementary functions and also establish some
basic properties.
3. Fundamental solution of the system of equations of steady vibrations
We consider the system of equations
[(,u +K)A+ por’ ] u+(A+ u)graddivu+icurl® + bgradp + dgrady - BgradT =F
(yA+ 1)@ +(a + B) grad div @+«curlu + c,gradp + d,grady = F
(aA+ )+ (bA-a; )y —bdivut+y,T —c,div® = f
(bA—a)p+(r,A+ )y —d divuty,T —d div® = f
(k3A—pC*)T —pldivu—y Top—y, Ty = fr (6)

where F and F' are three-component vector functions on R*; f', f" and f" are scalar

functions on R’.

The system (6) may be written in the form

E"(D,)U(0) =Q(x) o



where E" is the transpose of matrix E, Q=(F,F’, f',f", f") is the nine-component vector

function on R®, and xe R’ .

Applying the operator div to first and second equations of system (6), we get

a, A+ po’ |divu+bAg+dAy - PAT =divF

oA+ 1)@ +(bA-a;)y —bdivu+ty T —cdiv®@ = f
bA—a;)o+(r,A+ 1)y —d divu+y,T —ddivd = f
(K,A = pCHT = T divu—yTp—y, Ty = (&)

(asA+ 1) div® +cAp+d Ay =divF
(
(

The system (8) can be written as
H(2)S=Q ©)

where S = (divu,div®,,y, T),Q = (divF,divF, f, £, f)=(f,f,, f,, f, ;) and

a,A+ pa’ 0 bA dA —PBA
0 oA+, C,A d,A 0
H(A) = ” Hon (D] = b —Co aA+p, bA-a, 4 (10)
—d —d, bA-a; y,A+u, ¢
-pT, 0 T 7T, kA-pC 5x5

The system (8) may be written as
IA)S=%¥ (11)

where

5
Y=,¥, ¥, ¥, ¥) ¥ = ngH;n fo
| i (12)

T, (A)=g,detH(A) g, =———— n=1,2,3,4,5
a,asak,

where H_  is the cofactor of the element H_ of the matrix H.

From (10) and (11), we see that

r@=TT@a+&)



where &2, m=1,2,3,4,5are the roots of the equation ', (—y) =0 (with respect to y).

Applying the operator ()/A +)and «curl toEgs. (6),and(6),, respectively, we get

(}/A+,ul)[(,u+1<)Au + (A + p)graddivu +pa)2uJ+K(7/A+,ul)curlCI)

: (13)
= (Q/A+,ul)[F —bgradep—d grady +ﬁgradT]
K(yA + ;) curl ® = —x* curl curl u+x curlF’ (14)
On using (14) and equality
curlcurlu=graddivu-Au (15)
in Eq. (13), we obtain
[{()/A+yl)(y+lc)+lc2} A+pa)2()/A+yl)]u+[(l +,u)(7/A+yl)—K2}graddiVu
= (}/A+yl)[F' —bgradep —d grady +,BgradT]—KcurlF" (16)
Applying the operator I',(A) to Eq. (16) and after using Eq. (11), we obtain
LA Au=¥ (17)
where
T, (A) = 0, [ 7(u+ KA + (gt + i + K7 + pd’y)A+ por’ |
g, = 1
©or(urk)
and
¥ = g,[(JA+ 1, )(AF —bgrad?, —d grad?, + Bgrad¥,) — A curlF
{2+ A+ )= &) wgrad' ] (18)

We see that



(M) =(A+&E)(A+E)) (19)
where & and & are the roots of the equation (with respect to y ).
y(u+K) 20+ (py + pk + 57+ pa’y) y + po’ gy =0

Similarly, from Egs. (6),,(6),and(11), we obtain

T (AL (A)® =¥ 20)

where

¥ =g, A (A)[-Kkcurl F +{(u+x)A+ po’}F —g,[(a+ B){(u+K)A+ pa’} —k*]grad @,
—C,9,[(u+K)A+ po’]grad @, —d g, [(u + K)A+ po’ ] grad @,

1)
From Egs. (17), (20) and (11), we obtain
T(A)Ux) =¥(x) (22)
where ¥ = (¥, ¥, ¥,,¥,,¥,)and
r@=ry@i,
[ p(8) =T, (A)T,(4) = 13(A+«§;)
F,)=r@) Ty (A)_: 0
p=12,3,..6 n=7,89 1,j=12,...,9 i#]
In what follows we take
6 ()= 0,9, [(A + 1)(=bHy; —dH [, + BHE) = {(A+ ) (A + ) — 571 Hy ]
5 (A)==C,9,0,[(1 + K)A+ pa’ IH|; —dy 9,0, [(1+ K)A+ pe’ TH, 23)

=9,0:[(@+ ) {(u+x)A+ pa’} —x*TH|,
I’“(A)=ngJ |:172939495 J=39495

It is evident that r,(A) =r1,,(A). From Egs. (18) and (20) ,by virtue of Eqs.(12) and (23), we
have



¥ =[g,(yA+ p)T | +1, graddiv]F +[-xg,[curl +r,, graddiv]F’

+r,grad f +r, grad f +r, grad f"

¥’ =[-«b,[curl+r, graddiv]F +[g,{(&+K)A+ p&’}T,1 +1,, grad div]F’

+1, grad f +r, grad f +r,, grad f"

¥, =r,divF +n,divF +r,;f +r,f +r,f" j=345

is the unit matrix.

J,

where | =6,

33
Therefore, from Eq. (23),we have

¥(x)=N"(D,)Q(x)
where

N(D,) =[Ny (D,)

9%9
2

Nia (D) = 9, (A + )T, (A) 5y, + 1, (A)

OX,0X,

3 P o?
N D)=N D.)=-«x0q.I" (A & —+r, (A
m,n+3( x) m+3,n( X) 9 l( ); mm aXr 12( )8Xm6Xn
N (D)= 2
mp( x)_"l,P—‘*(A)a

2

N D)= +K)A+ pa’ T (A)S,y + Iy (A
wsais (D) = 1 + KA+ 0T (M) + (M)~

0

0
Nm+3,p(Dx): 2,p—4(A)§ Npm(Dx):rp—4,1§

m m

0
N p,m+3 (Dx) = rp—4,2 (A)g

Npq(Dx) = r-p74,q74 (A)
mﬂn:17273 p’q:77879

(24)

(25)

(26)

In view of Egs. (7) and (25), from Eq. (22) ,it is found that TU=N"E"U. Itis evident that

N"E" =T and hence

E(D)N(D,)=I'(4)

27)



We assume that

EX2E£0, m,n=1,2,...7 and m=n.

Let

Z(x) =

Z4(D))

6
9%9 4 me (X) = ; Slngn (X)a
7
Zm+3,m+3 (X) = Z Szngn (X)’
n=5

2,3 (%) = Z (%) = Zyg (X) = D_ 83,6, (%),

n=1

Zej(x):O, m=12,3 e,j]=12,..9 e=]
where

b el
6, () 4”|X|e

6
Sl| :H(§;-§|2)717 |:172)37495:6
m=1

m=l

7 (28)
SZSZH(§;-§3)71, e=57677
m=5
. 2 251 :
S3j=H(§m'§j )_ > J=1a2’394
sy
Therefore, the matrix Z is the fundamental matrix of operator I'(A), that is
' A)Z(x)=0x)(x) (29)
Introducing the matrix
A()=N(D,)Z(x) (30)
On using (29), in Egs. (27) and (30), we obtain
E(D)AX) =E(D,)N(D,)Z(x) =T'(A)Z(x) = 5(x)l(x) 31)

Hence, A(x)is the solution of Eq.(5).

We will prove the following theorem.



Theorem 1. The matrix A(x) defined by Eq. (31) is the fundamental solution of system (3).

Remark. The fundamental solution A(x) of system (3) is constructed for
& =& #0(m,n=12,..,7andm = n) . Evidently, by the above method, it is possible to

construct the fundamental solution of system (3) for the cases where §,, =0and ¢, = ¢&,.

4. Basic properties of the matrix A(x)

Corollary 1. Each column of the matrix A(x) is the solution of the system (3) at every point

X € R* except the origin.

Corollary 2. If conditions (4) are satisfied, then the fundamental solution of the system

1s the matrix

where

(p+1c)Au+( A+ u)grad divu=0
yAD +(a+ B)graddiv® =0

aAp+bAy =0 (32)
bAp+y,Ay =0
K,AT =0

Q(x) =], (x)

9%9

Q,(x)= (i grad div—

a, Utk

curl curlj A (),
le (X) = le (X) = Ql,m+3 (X) = Qm+3,| (X) = 0,

Q,x)= aﬁﬂz (x), Q(x) =Qg (x)= ;_bllz (),

6 6

Qg (x) = %lz (%), Qg(x)= kle (x),

Q55X = (i grad div— 1 curl curlj A(x),
s /4

Q5 (x) =Qy (x) =0,  Q(x) = (x) =0,

PRSI PR

87’ 47z|x
,j=1,2,3 m=4,5,6




Lemma 1.

If conditions (4) are satisfied, then

A, (A) = g T, (A)H [ (A) = 9, (A + )T, (A)S,
Anz(A) = glrz (A)H|*2 (A) - gz[(ﬂ + K)A + pa)z)]r1(A)5|z
1=1,2,3,4,5

Proof: Using the equality

(33)

(a,A+ po*)H, —A(c,H, +d,H, — BH;) = gié'nl“l(A) 1=1,2,3,4,5
1
Eq.(22), implies that
* 1
Arll(A) = glgz[(]/A + ,u1){(a4A + pwz)H n- g_5|1F1(A)}
1
A+ (A + )~ €7 JAH ]
= 0,9,[(A + u){(1+ KA+ pe’} + K ATH,,
- gz(7A + :ul)rl(A)é‘ll
= glrz (A) H |*1 (A) - gz (7A + H )Fl (A)5|1
Similarly, from Egs. (22), and
(aA+ u)H,, +C,AH, +d ,AH,, = ia,zrl(A) 1=1,2,3,4,5
g,

we obtain

Ar,(A)=9,9, [{(/" +K)A+ pa)z)} {_COAHI*S —d,AH ], + (o _7)AH|*2} + KZAH;;]

* 1 *
=0,0, |:{(7/A+ﬂl)Hl2_g_6l2rl (A)}{(ﬂ +K)A+p602} + KzAle
1

= glrz(A)Hrz (A)- gz[(,u +K)A+ pa)z )]rl (A)é‘lz

Lemma 2. If conditions (4) are satisfied and X € R* \ {0}, then



L (-E2) —%(—%ﬁi " ul)rl(—én%)ﬁ.l}n,- (x)= —%rz(—;ﬁ)Hi} (=E2)n,()

m m

hy(=E0)—

% Hu+K)En + pa™ T (=£,)8, } 7, ()=~ % T, (=6 Hiy (=60, (%)

1=1,2,3,4,5
Proof. We obtain Egs.(34) on using the following equality
Ay (%) ==&, ()
in the system of Eqs.(32)

Theorem 2. If conditions (4) are satisfied and X € R’ \ {0}, then

5 7
0" (x) = graddiv Y v, 7, (x) — curlcurl )" v,.77,(x)

m=1 e=6

0" (x) = @ (x) = vy,eurln, (x) — 1, (x)] + grad div i Vol (X)

m=1

5 7
0@ (x) = graddiv Y v, 7, (x) —curlcurl Y v, (x)

m=1 e=6
6 5
®(err])(x) = X Z Vnrjnm (x)
e m=1
2 IR
®£2+ )(X) = Z Vn+2,rj77m (X)
OX, mo1

5
O (X) =D Vooufln(x) €=1,2,3 r,q=1,2 n=5,6
m=1

where

0 e?® e®

@:‘@ —-le® ew @© eom :‘@)(n)

€ [Igxg & |l3x3
@(7) @(8) ®(9)
9%9
oW :’®(q) o :’@)(r_) R :‘@)(9)
& ll3x2 & 1l2x3 & flax2

n=12,3,4 q=5,6 r=7,8

and

(34)



gl * 2 _ (_1)692 2
=-S5 HGG) Vies o (e — 4
= S e T T O )

K
Vo =Cy 0, (Dk;&7 — b, —d e, + Bary) V=2 . 2
56 _57
g : (=D°g
Vi == 55 S HH(—E2) V,, = k) [(u+1)eq + pr’]

* 2
Verm = 9155, H e—4,r+2 (_gm )
* 2
Ve+2,rm =0,5n H r+2,e—4 (_fm)
* 2
V9qrm =05 H q+2,r+2 (_gm )

q,r=1,2 m=1,2,3,4,5 e=6,7 (35)

Proof. On using

1 :
I, )= —? (graddiv-curlcurl)n, (X) x=0

m

and Egs.(15),(26),(28),(30), we get

®(”(x) =[9,(A+ p)I', (A)l +1,,(A) grad div]i ST (X)

m=1

=35, (<€2) —%(—ﬂfé T 1)1, (~E2)} grad div (36)

m

%(—yr:; + 1Ty (~€2) curl curl]n, (%)

Using (34),1n (36), we get

+

0V (x)= i Sim H—% L, (=¢) Hy (=&, )} graddiv + % (=7&n + )T (=& eurleurd |7, (x)

By virtue of Eq. (35) and the equalities

I (<) 0, m=1,2,3,4,5
— S —
ST lenE -y m=6.7



Sme M=1,2,3,4,5

rz (_gri)slm = {0 m=6."7

(37)

From Eq.(36), we obtain

0" (x) = grad divzs[—% S (—fé)}nm (x)

m=l1 m

7 (_1\¢ 2 _
—g_icurlcurlz( 1) 92(756 ﬂl)ne(x)

Sm R R

5 7
= graddiv z V17, (x) —curl curlz V, 77, (X)
e=6

m=1
Other formulae of Theorem 2 can be proved in the similar manner.
Theorem 3. The relations

A 4, (x) =y, (x) = const+O(x|)
a p
axlpl axzpz ax3p3

[A 4 ()~ (0)]=O(x| ")

and

Ae+3,j+3 (X)’ < COIlSt|X|-1 |Ann (X)| < COHSt|X|-1

Ay (X)’ < const |X|-1

hold in the neighborhood of the origin, where
p=p,+p,+p;, P21, p;20, e,j=1,23, g,h=12,..,9, n=7,8,9.

Proof. It is evident from Theorem 2 and Corollary 2,
AP (x)-Q"(x) =G(x)
where

G(X) =||G,, (%), = graddivn™ (x) - curlcurln® (x)

3x3

100 = 2V (9~ A (%)
- 4 (41)

(2) _ : _ _1
n (x)—évlene(x) ﬂmﬂq(x)

(38)

(39)

(40)



From Eq. (41), in the neighborhood of the origin , we have

1 M s ) Inr: . 1
100 =5 230, Y R l_a_|x|}
| m= n= ! f
__L_i 5 5 L _L N (3)
8 |X|Z= |X|(§ H 477;V1m§m+77 (x)
@) vy L_i ! B 7 5 1 _L 7 “
(X) 3 _|X|;V1e |X|(;Vm§e +/1+K’ 4ﬂ;vle§e+n (X)

1 - n-1
(€) - _
170 == 2 e 2 e
1 0ET
4 - _ e
10 = 2

Therefore, from Eq. (43), in the neighborhood of the origin , we obtain

%)= O(xP) %n“’)(X) —o(x)

———n'"P(x)=const+O(X)) e,m=12,3 p=3,4
OX_OX

e m

By virtue of Eq. (42) and the inequalities

1 1
— —A—=
XX
From Eq. (41), we get

G(x) = grad divn® (x) — curl curl ¥ (x)

(42)

(43)

(44)

(45)

(46)



On using Eqs.(44) and (45) in Eq. (40), we obtain the relation (38), for g,h=1,2,3.
Similarly, other formulae of Eq. (38) can be proved.

We can obtain inequalities (39) from Eqs.(38) as

19, (%)] < const|x|_1 |Qm+3m+3 (X)| < const |X|_1

€, ()] <const|x| " m,n=1,2,3 h=7,8,9

Hence, the matrix Q(X) is the singular part of the fundamental matrix A(X)in the neighborhood

of the origin.

5. Special cases

(1) Neglecting the thermal and micropolarity effect in system of equations(3), yield the
system of steady vibrations for homogeneous isotropic elastic material with double

porosity as :
[yA+pa)2]u +(A+ p)grad divu +bgrade + dgrad =0
(aA+ 1, )p+(bA—a;)y —bdivu=0
(bA—a,)p+(y,A+ 1)y —d divu=0

The derived fundamental solution for the system of equations (47) is similar as

obtained by Svanadze [51].

(11) In the absence of single porosity parameter in the system of equations (3), we obtain
the system of steady vibrations for homogeneous isotropic micropolar thermoelastic

material with voids as

[(,u + K) A+ po’ ] u+ (ﬁ, + ,u)grad divu+xcurl® +bgrade - fgradT=0
(;/A + 4, )CI) + (a + ﬂ)grad div ®+xcurlu +c,grade =0

(aA+ 1, ) p—bdivutyT —c,div® =0

(kA= pCHT = BT, divu+y,T,p=0

Obtaining the fundamental solution of the system of equations (48) is same as given

by Ciarlette et al.[45].

(i11))  In absence of single porosity parameter and thermal effect in the system of

equations(3), the system of steady vibrations for homogeneous isotropic micropolar

elastic material with voids is



[(y +K)A+ pa)2] u+(A+ u)graddivu+icurl® +bgrade = 0
(yA+ 1)@ +(a + ) grad div @+iccurlu + c,gradp = 0

(ar+ 1, )p—bdivu—c,div® =0 (49)

The resulting fundamental solution obtained from the system of equations (49) is in
agreement with those obtained by Scarpetta [42].

(iv)  In absence of micropolarity effect, we obtain the system of steady vibrations for
homogeneous isotropic thermoelastic material with double porosity as :

(uA+pa)2)u +(A+ u)graddivu +bgrade + dgrady — BgradT =0
(aA+ ) p+(bA—a;)y —bdivuty, T =0
(bA—a;)o+(rA+ py)y —d divu+y,T =0

(K,A— pCHT = T divu—y,T,0—7,Tw =0

(50)

The derived fundamental solution from the system of equations (50) is similar as
obtained by Scarpetta et al.[25] with some modification.

6. Concluding remarks
1. The constructed fundamental solution A(X)of the system (3) can be used

(i) to solve the boundary value problems by using boundary element method.

(i1) for constructing the surface and volume potentials and establishing their basic
properties[40]

(i11) for investigating three-dimensional boundary value problems in micropolar
thermoelastic materials with double porosity by potential method [40]

2. By the method applied in this paper, it is possible to represent the fundamental solutions
of the systems of equations in the different theories of continuum mechanics.
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