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In this study, the wave fields induced by both tensile and shear displacement
dislocations in stratified fluid-saturated porous media are computed by using the re-
flection and transmission matrix method. The components of the source discontinuity
vector across the source plane to describe those tensile and shear faults are explicitly
displayed by using the surface vector harmonics. Numerical examples for a two layer
model subjected to tensile and shear dislocations are provided. From the waveforms
of surface displacements, the arrivals of transmitted and converted PS and SP waves
at the interface of the two layer model can be clearly observed.
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1. Introduction

Many geomaterials such as soil and rocks usually contain pore fluids,
and therefore can be approximately considered as fluid-saturated porous media.
Frenkel may be the first who investigated the wave phenomena in saturated
porous media. Afterwards, Biot [1–4] established the general theory for mod-
elling wave propagation in the saturated media. Based on Biot’s theory, several
papers have appeared on the wave propagation in a stratified isotropic homoge-
neous poroelastic medium, see, for example, Rajapakse and Senjuntichai [5],
Lu and Hanyga [6], Mesgouez et al. [7], Zheng et al. [8], and Zheng and
Ding [9]. Today, however, most of previously published works concerned the
displacement fields produced by point forces in the layered media, and wave
fields induced by dislocation sources in stratified poroelastic media have not
been studied before.

The determination of static and dynamic displacement fields induced by dis-
location sources in stratified media has long been a subject of interest in geo-
physics and seismology [10]. Based on quasi-static Biot’s theory [11], Pan [12]
first investigated static point dislocations in the stratified proelastic half-space
using surface vector harmonics [13]. Recently, Zheng and Ding [14] have ex-
tended the Pan’s study of static dislocations in fluid-saturated solids to the case
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of dynamic dislocations based on Biot’s dynamic theory [3–4]. In their work,
the general point dislocation source in saturated media is described by discon-
tinuities in related physical quantities, such as displacement, stress, etc., across
a horizontal plane.

The aim of the present study is to study the wave fields induced by tensile
and shear displacement point dislocations in the stratified saturated media by
using the reflection and transmission matrix method [15]. The components of
the source discontinuity vector across the source plane to represent those point
displacement dislocations will be explicitly displayed by using the surface vec-
tor harmonics. The derived surface displacement fields expressed in terms of
Hankel-type integrals will be evaluated using the discrete wave number integra-
tion method of Bouchon [16].

2. Surface vector harmonics and

first-order ordinary differential equations

Based on Biot’s dynamic poroelasticity [3–4], the equations of motions for
an isotropic fluid-saturated porous solid can be written in the frequency domain
as [9]

(λ+ 2µ)∇∇ · u − µ∇×∇× u + ω2

(

ρ−
ρ2

f

ρm

)

u −
(

α− ρf

ρm

)

∇p = 0,(2.1)

∇2p+
ω2ρm

M
p− ω2(ρf − αρm)∇ · u = 0,(2.2)

where u is the solid displacement vector, p denotes the pore pressure, µ is the
shear modulus of the solid frame, the drained Lamé constant λ is given by
λ = K − 2/3µ, where K is the drained bulk modulus of the solid frame, and the
Biot–Willis coefficient [17] α, the coupling modulus M are given by

α = 1 − K

Ks
,(2.3)

M =

[

α− φ

Ks
+

φ

Kf

]−1

,(2.4)

where φ is the porosity, Kf and Ks are the bulk moduli of the fluid and the
solid phases, respectively. ρf and ρ are the densities of the pore fluid and the
bulk materials, where ρ = φρf +(1 − φ)ρs with ρs being the density of the grain
material, and ρm is defined as

(2.5) ρm = m− i

ω

η

κ
,
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where m = ρfa∞/φ with a∞ being tortuosity. The viscosity is denoted as η, and
the permeability is κ. The permeability is generally frequency dependent, but
here a frequency independent value is taken which is valid at the low-frequency
range, i.e.,

(2.6) ω ≪ ωc,

where ωc is the so-called Biot critical frequency [4]

(2.7) ωc =
ηφ

a∞κρf
.

Typically, ωc is on the order of megahertz (MHz) in rocks and sand [18].
It should be remarked that alternatively the governing equations for Biot’s

equations can be formulated in terms of the solid displacement u and the relative
fluid-solid displacement w (see, e.g., Zheng and Ding [19]).

In a cylindrical coordinate system (er, eθ, ez), we introduce three orthogonal
vectors [9, 12, 13]:

(2.8)

Rm
k = Y m

k ez,

Sm
k =

1

k

∂Y m
k

∂r
er +

1

kr

∂Y m
k

∂θ
eθ,

Tm
k =

1

kr

∂Y m
k

∂θ
er −

1

k

∂Y m
k

∂r
eθ,

where

(2.9) Y m
k (r, θ) = Jm(kr)eimθ, m = 0,±1,±2, . . . ,

and Jn(ξ) denotes the Bessel function of the first kind of order n.
Then, the solid displacement u, the traction on the horizontal plane T, the

pore pressure p, and the fluid discharge in the z-direction qz can be expanded in
terms of [9, 12]

u(r, θ, z, ω) =
1

2π

∞
∑

m=−∞

∞
∫

0

(URRm
k + USSm

k + UTTm
k )k dk,(2.10)

T(r, θ, z, ω) = σ · ez = =
1

2π

∞
∑

m=−∞

∞
∫

0

(TRRm
k + TSSm

k + TTTm
k )k dk,(2.11)

p(r, θ, z, ω) =
1

2π

∞
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∞
∫

0

PY m
k k dk,(2.12)

qz(r, θ, z, ω) =
1

2π
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∞
∫

0

QzY
m
k k dk.(2.13)
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Under these expansions, the second-order differential equations of motion (2.1)
and (2.2) are reduced to two independent sets of first-order ordinary differential
equations. Both of the two sets of equations can be written in the form [13, 15]

(2.14)
d

dz
B(z) = ωAB(z),

where B is the generalized stress-displacement vector which takes the form: for
P-SV waves

(2.15) BP = [UR, US , −iω−1Qz, ω
−1TR, ω

−1TS , ω
−1P ]T ,

and for SH waves

(2.16) BH = [UT , ω
−1TT ]T .

For P-SV waves, the coefficient matrix A has the form [9]

(2.17) AP =
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,

where p is the slowness (ωp = k), and

λc = λ+ α2M,(2.18)

ρ3 = ρ

(

1 −
ρ2

f

ρρm

)

,(2.19)

Λ3 = − ρf

ρm
.(2.20)

For SH waves, A is given by

(2.21) AH =





0
1

µ
µp2 − ρ3 0



 .
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3. Representation of general point dislocations

The plane Σ through the point dislocations with normal v is called the fault
plane or dislocation plane, and it has two adjacent surfaces labelled as Σ+ and
Σ−. The normal to Σ is v, pointing form Σ− to Σ+ (see Fig. 1 [14]). The most
general point dislocations, across an element of arbitrary surface Σ at x3 = zs
with the normal v, in fluid-saturated porous solids can be represented by

(3.1)

[ui](x, ω) = aiδ(x1)δ(x2),

[σik](x, ω)vk = biδ(x1)δ(x2),

[qk](x, ω)vk = cδ(x1)δ(x2),

[p](ξ, ω) = dδ(x1)δ(x2),

where [ui](x, ω), [σik](x, ω), [qk](x, ω) and [p](x, ω) are the discontinuities in
displacement, stress, fluid discharge, and pore pressure across Σ and defined by
[ui](x, ω) = ui(x, ω)|Σ+ − ui(x, ω)|Σ− , etc. In addition, ai, bi, c, d are functions
of ω.

In order to use the matrix theory to calculate the wave fields induced by dislo-
cation sources (3.1) in a stratified medium, it is necessary to represent the sources
in terms of discontinuities in components of the generalized stress-displacements
vector across the horizontal plane. Using the body-force and fluid-source equiv-
alents for dynamic dislocations, we can found the components of the source
discontinuity vector, that is

(3.2) S(zs) = B(zs+) − B(zs−),

to represent the general point dislocations (3.1), and they are [14]

[UR]+− =
1

λ+ 2µ
(2µa3v3 + λakvk), m = 0,

[US ]+− =
1

2
(±(a1v3 + a3v1) − i(a2v3 + a3v2)), m = ±1,

[UT ]+− =
1

2
(∓(a2v3 + a3v2) − i(a1v3 + a3v1)), m = ±1,

[ω−1TR]+− = ω−1b3, m = 0,

[ω−1TS ]+− =
µ(3λ+ 2µ)

λ+ 2µ
p(a1v1 + a2v2), m = 0,

=
1

2
ω−1(±(b1 − Λ3dv1) − i(b2 − Λ3dv2)), m = ±1,

=
µ

2
p((a2v2 − a1v1) ± i(a1v2 + a2v1)) m = ±2,
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[ω−1TT ]+− =
1

2
ω−1(−i(b1 − Λ3dv1)b1 ∓ (b2 − Λ3dv2)), m = ±1,

=
µ

2
p(±i(a1v1 − a2v2) + (a1v2 + a2v1)) m = ±2,

[ω−1P ]+− = ω−1dv3, m = 0,

[−iω−1Q]+− = −iω−1c+ αakvk, m = 0,

=
p

2

d

ωρm
(∓v1 + iv2), m = ±1.(3.3)

4. Point displacement dislocations

Since the determination of displacement fields produced by displacement dis-
continuities is of fundamental interest in geophysics and seismology, we focus
our discussion on point displacement dislocations, particularly those of shear
dislocations. An arbitrary displacement dislocation across an element of surface
Σ with the normal v can be split into two parts, that is

(4.1) [u] = [u1]v + [u2]e, (v · e = 0).

As it is shown in (4.1), the displacement component [u1] is perpendicular
to the dislocation surface (that is, along the direction of the normal v), and
the other component [u2] is parallel to the dislocation surface. If displacement
discontinuity occurs along the direction of the normal v, such discontinuity is
termed tensile dislocation. On the other hand, displacement discontinuity oc-
curred parallel to the dislocation surface is termed shear dislocation.

4.1. Tensile dislocation

We begin by considering a tensile fault embedded in a poroelstic medium.
In Cartesian coordinates (x, y, z), related to cylindrical coordinates (r, θ, z) via
x = r cos θ, y = r sin θ, we define a tensile dislocation located at (x = 0, y = 0,
z = h) with a dip angle δ and magnitude U0, as shown in Fig. 1. The dip angle δ
(0 ≤ δ ≤ π/2) is defined as the angel that the dislocation plane makes with the
horizontal plane through the dislocation source. A fault has two surfaces, and
the one illustrated in Fig. 1 is the surface Σ+. From Fig. 1, the unit normal v

of dislocation plane Σ is

(4.2) v = (0, − sin δ, cos δ)T .

Therefore, by using (3.3) it can be found that the nonzero components of the
source discontinuity vector S corresponding to the tensile dislocation with unit
magnitude are
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Fig. 1. Geometry of an arbitrary tensile dislocation [u] = U0v in Cartesian coordinates
(x, y, z). The heavy arrow shows the motion on the side Σ+, and the broken arrow shows the

motion on the side Σ−.

[UR]+− =
1

λ+ 2µ
(λ+ 2µ cos2 δ), m = 0,

[US ]+− =
i

2
sin 2δ, m = ±1,

[UT ]+− = ±1

2
sin 2δ, m = ±1,

[ω−1TS ]+− =
µ(3λ+ 2µ)

λ+ 2µ
p sin2 δ, m = 0,

=
µ

2
p sin2 δ, m = ±2,

[ω−1TT ]+− = ∓i
µ

2
p sin2 δ, m = ±2,

[−iω−1Q]+− = α, m = 0.(4.3)

4.2. Shear dislocation

Next we consider a shear fault embedded in a poroelastic medium. In the
case of a shear dislocation, besides the dip angle δ, another fault parameter ϕ is
introduced to describe the fault, as shown in Fig. 2. The slip angle ϕ (0 ≤ ϕ ≤ 2π)
used to specify the direction of slip and defined as the angel that the slip vector
e makes with the strike direction which is taken as the x direction in Fig. 2.
From Fig. 2, the unit slip vector e parallel to the dislocation surface Σ is

(4.4) e = (cosϕ, − sinϕ cos δ, − sinϕ sin δ)T .
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Substituting (4.2) and (4.4) into (3.3), one can find the nonzero components of
the source discontinuity vector S corresponding to the arbitrarily oriented shear
dislocation with unit magnitude. They are

[UR]+− = − µ

λ+ 2µ
sinϕ sin 2δ, m = 0,

[US ]+− =
1

2
(± cosϕ cos δ + i sinϕ cos 2δ), m = ±1,

[UT ]+− =
1

2
(± sinϕ cos 2δ − i cosϕ cos δ), m = ±1,

[ω−1TS ]+− =
µ(3λ+ 2µ)

2(λ+ 2µ)
p sinϕ sin 2δ, m = 0,

=
µ

4
p(sinϕ sin 2δ ∓ 2i cosϕ sin δ), m = ±2,

[ω−1TT ]+− =
µ

4
p(∓i sinϕ sin 2δ − 2 cosϕ sin δ), m = ±2.(4.5)

Fig. 2. Geometry of an arbitrary tensile dislocation [u] = U0e in Cartesian coordinates
(x, y, z), where e is the slip vector parallel to the dislocation surface. The angle ϕ is known as

the slip angle.

It should be mentioned that the so-called three fundamental shear disloca-
tions are the vertical strike-slip fault (δ = π/2, ϕ = 0), the vertical dip-slip fault
(δ = π/2, ϕ = π/2), and the 45◦ dip-slip fault (δ = π/4, ϕ = π/2).

5. Surface displacement of the stratified fluid-saturated half-space

Consider a semi-infinite poroelastic medium consisting of n− 1 parallel, ho-
mogeneous layers laying over a homogeneous half-space. The layers are numbered
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serially, the topmost layer being layer 1 and the half-space layer n. The origin
of the cylindrical coordinate system (r, θ, z) is placed at the surface with the
z-axis drawn downwards into the medium. The k-th layer is of thickness dk and
is bounded by the interface zk, zk+1. The source (e.g., a shear dislocation) is pre-
sumed to be located in the k-th layer and is at a depth zs from the top interface
(Fig. 3).

Fig. 3. Configuration of a multilayered poroelastic half-space.

Using the generalized reflection and transmission matrix method, we can
obtain the displacement fields in the stratified medium, particularly the surface
displacement [9, 15]:

(5.1) W0 = (m0
U + m0

DR̃)[I − R0L
D R̃]−1

σ(zs),

where m0
U , m0

D, R̃, R0L
D , R̃ are matrixes, I is a unit matrix, and σ(zs) is a vector.

Detailed definitions and explicit expressions of these matrixes and the vector
have been given in Kennett [15]. In the subsequent numerical examples, the
approximate formula

(5.2) W
(0)
0 = (m0

U + m0
DR̃)T0S

U

(

RSL
D ΣD − ΣU

)

,

which corresponds to the direct propagation from a buried source to the surface
without any multiples being included, is also used for computing the surface
displacement.

In addition, the expression for the displacement fields in the stratified medium
can be found in Zheng and Ding [9].
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6. Numerical examples

Once solutions for the generalized stress-displacement vectors are known, the
displacements are recovered using

(6.1) ur(r, θ, z, ω)

=
1

2π

∞
∫

0

dkk
2

∑

m=−2

[

US(k,m, z, ω)
∂Jm(kr)

∂(kr)
+ UT (k,m, z, ω)

im

kr
Jm(kr)

]

eimθ,

(6.2) uθ(r, θ, z, ω)

=
1

2π

∞
∫

0

dkk
2

∑

m=−2

[

US(k,m, z, ω)
im

kr
Jm(kr) − UT (k,m, z, ω)

∂Jm(kr)

∂(kr)

]

eimθ,

(6.3) uz(r, θ, z, ω) =
1

2π

∞
∫

0

dkk
2

∑

m=−2

UR(k,m, z, ω)Jm(kr)eimθ.

Such Hankel-type integrals are evaluated by using the discrete wave number
method [16]. The time domain solutions for a time-dependent dislocation source
can be built from the frequency domain solutions (6.1), (6.2) and (6.3) using the
discrete Fourier transform.

As an example, a two layer model with a 0.5-km-thick sand layer overlying
a sandstone half-space is chosen. The medium properties are listed in Table 1.
The material parameters in Table 1 are taken from the reference by Zheng and
Ding [9]. The point dislocations are all located on the coordinate axis r = 0 at
the depth zS = 1 km. The source time function used in all subsequent examples
is a 20 Hz Ricker wavelet.

Table 1. Properties of the homogeneous porous layers used in the numerical

calculations.

Properties Sand Sandstone

Porosity φ 0.3 0.065

Permeability κ0, m2 10−11 10−13

Solid bulk modulus Ks, GPa 35 36

Fluid bulk modulus Kf , GPa 2.2 2.2

Frame bulk modulus K, GPa 5.0 25.0

Frame shear modulus µ, GPa 3.0 18.0

Fluid viscosity η, Pas 10−3 10−3

Solid grain density ρs, kg/m3 2300 2600

Fluid density ρf , kg/m3 103 103

Tortuosity α∞ 3 3
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Firstly, we consider tensile dislocations embedded in the two-layer poroelastic
half-space. Figures 4 and 5 show the comparison of synthetic seismograms calcu-
lated at receiver on the free surface using equation (5.2) (solid line) and equation
(5.1) (dash line) due to a horizontal (δ = 0) and 45◦ (δ = π/4) tensile disloca-
tion, respectively. In the first case, the displacement fields are axisymmetric with

Fig. 4. Waveforms of surface displacements radiated by a tensile fault (δ = 0) buried at
depth zS = 1 km. The receiver is located at xR = (1 km, 0).

Fig. 5. Waveforms of surface displacements radiated by a tensile fault (δ = π/4) buried at
depth zS = 1 km. The receiver is located at xR = (1 km, 22.5◦, 0).
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respect to the z-axis, and thus, uθ vanish and ur(r, z), uz(r, z) are independent
of θ. As expected, only four arrivals corresponding to transmitted P , S waves,

Fig. 6. Waveforms of surface displacements radiated by the vertical strike-slip fault buried
at depth zS = 1 km. The receiver is located at xR = (1 km, 22.5◦, 0).

Fig. 7. Waveforms of surface displacements radiated by the vertical dip-slip fault buried at
depth zS = 1 km. The receiver is located at xR = (1 km, 22.5◦, 0).
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and transmitted and converted PS, SP waves at the interface z1 = 0.5 km are
clearly observable from Figs. 4 and 5 by using the approximate formula (5.2).
The effects of free surface, giving rise to additional arrivals, can also be clearly
observable from Figs. 4 and 5 by using the exact solution (5.1). It can also be
noted in these figures that the dominant contributions to azimuthal displace-
ments come from transmitted S waves, and hence, the arrivals of transmitted P ,
transmitted and converted PS and SP waves can hardly be observable.

Fig. 8. Waveforms of surface displacements radiated by the 45◦ dip-slip fault buried at
depth zS = 1 km. The receiver is located at xR = (1 km, 22.5◦, 0).

Next, we consider three fundamental shear dislocations buried, respectively,
in the stratified media. The resulting surface displacements are shown in Figs. 6–8
for the vertical strike-slip fault, the vertical dip-slip fault and the 45◦ dip-slip fault,
respectively. In these cases, transmitted S waves are the dominant contributions to
azimuthal displacements and the contributions from transmitted P , transmitted
and converted PS and SP waves are so small that the arrivals of them can hardly
be observable from these figures.

7. Conclusions

We have used the reflection and transmission matrix method to compute the
surface displacement induced by tensile and shear dislocations in the stratified
fluid-saturated poroelastic half-space. We have explicitly displayed the compo-
nents of the source discontinuity vector across the source plane to describe those
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tensile and shear faults by using the surface vector harmonics. We have also
provided numerical examples for a two layer model subjected to a horizontal
and 45◦ tensile dislocation, and three fundamental shear dislocations, respec-
tively. Numerical results show that the arrivals of transmitted and converted PS

and SP waves at the interface of the two layer model can be clearly observed
from the waveforms of surface displacements.
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