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Continuous contact problem of a functionally graded layer
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In this study, the continuous contact problem of a functionally graded layer
resting on an elastic half-plane and loaded by a rigid rectangular stamp is examined.
The problem is solved assuming that the functionally graded (FG) layer is isotropic
and the shear modulus and mass density vary exponentially throughout the layer’s
thickness. However, the body force of the elastic half-plane is neglected. In addition,
it is assumed that all surfaces are frictionless and only compressive stress is trans-
ferred along the contact surfaces. The mathematical problem is reduced to a singular
integral equation in which the contact stress under the rigid stamp is unknown us-
ing the Fourier integral transform and boundary conditions related to the problem.
This singular integral equation is solved numerically using the Gauss–Chebyshev in-
tegration formula. The dimensionless contact stress under the rigid stamp, the initial
separation loads and the initial separation distances between the FG layer and the
elastic half-plane are obtained for various dimensionless quantities.
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1. Introduction

With the advancements in materials science, the production methods
in which material properties can be continuously varied along the thickness of
material have been developed. The materials produced using such methods are
generally referred to as functionally graded materials (FGMs). These materials
are used in various applications, including ball and roller bearings, gears, cut-
ting edges, gas turbines, electromagnetic engineering and space vehicles, mostly
to provide abrasion resistance and high-temperature endurance. Such a wide
range of application has resulted in the inevitable use of FGMs in contact me-
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chanics. Several studies have examined the contact problems of layers made
from FGMs.

Giannakopoulos and Pallot [1] examined two-dimensional contact of
a rigid cylinder on an elastic graded substrate. Guler and Erdogan [2, 3]
studied the fracture initiation in graded coatings under sliding contact loading
and the contact problem for two deformable solids with FGM coatings. A re-
ceding contact plane problem between a functionally graded layer and a ho-
mogeneous substrate was considered by El Borgi et al. [4]. A multi-layered
model for frictionless contact analysis of functionally graded materials (FGMs)
with arbitrarily varying elastic modulus under plane strain-state deformation
was developed by Ke and Wang [5]. Guler and Erdogan [6] examined the
contact problems of parabolic and cylindrical stamps on graded coatings. A two-
dimensional sliding frictional contact of functionally graded materials was stud-
ied by Ke and Wang [7]. Yang and Ke [8] investigated the two-dimensional
frictionless contact problem of a coating structure consisting of a surface coating,
a functionally graded layer and a substrate under a rigid cylindrical punch. The
problem of a functionally graded coated half-space indented by an axisymmet-
ric smooth rigid punch was studied by Liu and Wang [9]. A new method to
solve the axisymmetric frictionless contact problem of functionally graded ma-
terials (FGMs) was examined by Liu et al. [10]. Rhimi et al. [11] considered
a receding contact axisymmetric problem between a functionally graded layer
and a homogeneous substrate. Dag et al. [12] studied the sliding frictional con-
tact between a rigid punch and a laterally graded elastic medium. Ke et al. [13]
considered the sliding frictional contact problem of a layered half-plane made of
functionally graded piezoelectric materials (FGPMs) in the plane strain state.
The axisymmetric problem of a frictionless double receding contact between
a rigid stamp of axisymmetric profile, an elastic functionally graded layer and
a homogeneous half space was investigated by Rhimi et al. [14]. A theoretical
analysis of two-dimensional frictionless sliding contact over orthotropic piezo-
electric materials indented by a rigid sliding punch was carried out by Zhou

and Lee [15]. The contact problem for a functionally graded layer supported by
a Winkler foundation was examined by Comez [16]. Volkov et al. [17] studied
analytical solution of axisymmetric contact problem of indentation of a circular
indenter into a soft, functionally graded elastic layer. The problem of sliding
frictional contact between a laterally graded elastic medium and a rigid cir-
cular stamp was considered by Dag et al. [18]. Liu and Xing [19] examined
the contact-damage resistance of functionally graded materials coating. Elas-
tic contact of a functionally graded plate of finite dimensions with continu-
ous variation of material properties and a rigid spherical indenter was stud-
ied by Nikbakht et al. [20]. A frictional receding contact plane problem be-
tween a functionally graded layer and a homogeneous substrate was studied by
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El Borgi et al. [21]. Vasiliev et al. [22] studied axisymmetric contact prob-
lems of the theory of elasticity for inhomogeneous layers. Yan and Li [23] con-
sidered a double receding contact plane problem between a functionally graded
layer and an elastic layer. Comez [24] solved a contact problem for a function-
ally graded layer indented by a moving punch. Axisymmetric contact problem
on the indentation of a hot circular punch into an arbitrarily nonhomogeneous
half-space was considered by Krenev et al. [25]. Wang et al. [26] investigated
an efficient method for solving three-dimensional fretting contact problems in-
volving multilayered or functionally graded materials. A three-dimensional prob-
lem of elasticity of normal and tangential loading of surface of the functionally
graded coated half-space was examined by Kulchytsky-Zhyhailo and Baj-

kowski [27]. Ma et al. [28] investigated a frictional contact problem between
a functionally graded magneto-electro-elastic layer and a rigid conducting flat
punch with frictional heat generation. Alinia et al. [29] considered the fully cou-
pled contact problem between a rigid cylinder and a functionally graded coating
bonded to a homogeneous substrate system under plane strain and generalized
plane stress sliding conditions. Frictional receding contact analysis of a layer on
a half-plane subjected to semi-infinite surface pressure was studied by Parel

and Hills [30].
An examination of the related literature shows that although many studies

have investigated the contact of FG layers, the body force of FG layer has been
neglected. Therefore, this study aims to solve the continuous contact problem of
an FG layer resting on an elastic half-plane by taking into account the body force
of an FG layer. However, the body force of the elastic half-plane is neglected.
Furthermore, the calculations are made under the assumption that the FG layer
is isotropic and the shear modulus and mass density exponentially vary along
the direction of the layer’s thickness.

2. Formulation of the continuous contact problem

2.1. The case with body forces neglected

As shown in Fig. 1, an infinite FG layer with a thickness h and loaded by
a rigid rectangular stamp is in smooth contact with a homogeneous half-plane.
It is assumed that the FG layer is inhomogeneous and isotropic. In addition, the
shear modulus µ1 of the FG layer is modelled using an exponential function and
depends only on the y-coordinate. Consequently, µ1 can be expressed as follows:

(2.1) µ1(y) = µ0e
βy (−h < y ≤ 0),

where µ0 is the shear modulus of the FG layer at y = 0 and β is an arbitrary
non-zero constant that characterizes the material’s inhomogeneity.
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Fig. 1. Geometry and loading condition of the continuous contact problem.

The equilibrium equations with the body forces neglected and with the linear
elastic stress-strain expressions can be written respectively as

∂σx

∂x
+
τxy

∂y
= 0,(2.2)

∂τxy

∂x
+
∂σy

∂y
= 0,(2.3)

σx =
µj

κj − 1

[

(1 + κj)
∂u

∂x
+ (3 − κj)

∂v

∂y

]

(j = 1, 2),(2.4)

σy =
µj

κj − 1

[

(3 − κj)
∂u

∂x
+ (1 + κj)

∂v

∂y

]

(j = 1, 2),(2.5)

τxy = µj

(

∂u

∂y
+
∂v

∂x

)

(j = 1, 2),(2.6)

where u and v indicate the displacement components in the x and y directions,
respectively, σx, σy and τxy denote the components of the stress field, εxx, εyy

and εxy are defined as the corresponding components of the strain field, κj is
Kolosov’s constant and κj = 3 − 4υj (j = 1, 2) for the plane strain problem
and υj (j = 1, 2) is Poisson’s ratio.

By substituting the linear elastic stress-strain expressions of Eqs. (2.4)–(2.6)
into the equilibrium equations (Eqs. (2.2)–(2.3)), the two-dimensional Navier
equations can be obtained for the FG layer as

(2.7) (κ1 + 1)
∂2u

∂x2
+ (κ1 − 1)

∂2u

∂y2
+ 2

∂2v

∂x∂y
+ β(κ1 − 1)

∂u

∂y
+ β(κ1 − 1)

∂v

∂x
= 0

(−h < y ≤ 0),

(2.8) (κ1 − 1)
∂2v

∂x2
+ (κ1 + 1)

∂2v

∂y2
+ 2

∂2u

∂x∂y
+ β(3 − κ1)

∂u

∂x
+ β(κ1 + 1)

∂v

∂y
= 0

(−h < y ≤ 0),
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and for the elastic half-plane as

(κ2 + 1)
∂2u

∂x2
+ (κ2 − 1)

∂2u

∂y2
+ 2

∂2v

∂x∂y
= 0 (y ≤ −h),(2.9)

(κ2 − 1)
∂2v

∂x2
+ (κ2 + 1)

∂2v

∂y2
+ 2

∂2u

∂x∂y
= 0 (y ≤ −h).(2.10)

To solve Eqs. (2.7)–(2.8), the Fourier sine and cosine transforms are applied to
the variable x. The transform pairs for the displacements are defined as

u(x, y) =
2

π

∞
∫

0

ϕ(ξ, y) sin(ξx)dξ,

v(x, y) =
2

π

∞
∫

0

ψ(ξ, y) cos(ξx)dξ,

(2.11)

ϕ(ξ, y) =

∞
∫

0

u(x, y) sin(ξx)dx,

ψ(ξ, y) =

∞
∫

0

v(x, y) cos(ξx)dx,

(2.12)

where ϕ(ξ, y) and ψ(ξ, y) are converted from u(x, y) and v(x, y), respectively,
using the Fourier sine and cosine transforms and ξ represents the transform
variable. Applying the Fourier sine and cosine transforms given in Eq. (2.12)
to Eqs. (2.7)–(2.8) and solving the resulting system of homogeneous ordinary
differential equations, the following expressions are obtained:

ϕ(y) =
4

∑

j=1

Aje
njy, (−h < y ≤ 0),(2.13)

ψ(y) =
4

∑

j=1

Ajmje
njy (−h < y ≤ 0),(2.14)

where Aj (j = 1, 2, 3, 4) are the unknown functions that will be determined from
the boundary conditions of the problem and nj (j = 1, . . . , 4) are the roots of
the following characteristic equation:

(2.15) n4
j + 2βn3

j + (β2 − 2ξ2)n2
j − 2ξ2βnj + ξ2

(

ξ2 + β2 3 − κ1

κ1 + 1

)

= 0.
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The roots nj (j = 1, . . . , 4) can be obtained as

n1 = −1

2

(

β +

√

4ξ2 + β2 − 4ξβi

√

3 − κ1

κ1 + 1

)

,

n2 = −1

2

(

β −

√

4ξ2 + β2 − 4ξβi

√

3 − κ1

κ1 + 1

)

,

(2.16)

n3 = −1

2

(

β +

√

4ξ2 + β2 + 4ξβi

√

3 − κ1

κ1 + 1

)

,

n4 = −1

2

(

β −

√

4ξ2 + β2 + 4ξβi

√

3 − κ1

κ1 + 1

)

.

(2.17)

The known function mj appearing in Eq. (2.14) can be expressed as

(2.18) mj =
(3β + 2nj − βκ1)[nj(β + nj)(κ1 + 1) − ξ2(κ1 + 3)]

ξ[4ξ2 − β2(κ1 − 3)(κ1 + 1)]
(j = 1, . . . , 4).

Substituting Eqs. (2.11) into Eqs. (2.4)–(2.6), the expressions of the stress field
σy and τxy for the FG layer can be obtained as

σ1yh(x, y) =
2µ0e

βy

π(κ1 − 1)

∞
∫

0

4
∑

j=1

AjCj e
njy cos(ξx)dξ (−h < y ≤ 0),(2.19)

τ1xyh(x, y) =
2µ0e

βy

π

∞
∫

0

4
∑

j=1

AjDj e
njy sin(ξx)dξ (−h < y ≤ 0),(2.20)

where

(2.21) Cj = (3 − κ1)ξ + (κ1 + 1)mjnj , Dj = nj − ξmj (j = 1, . . . , 4).

For the elastic half-plane, Eqs. (2.9)–(2.10) are solved in a manner similar to
that used for the FG layer. Therefore, the displacement field and the stress field
with the body forces neglected are obtained as

v2h(x, y) =
2

π

∞
∫

0

[[

−B1 +

(

κ2

ξ
− y

)

B2

]

eξy

]

cos(ξx)dξ,(2.22)

1

2µ2
σ2yh(x, y) =

2

π

∞
∫

0

[[

−ξ(B1 +B2y) +

(

1 + κ2

2

)

B2

]

eξy

]

cos(ξx)dξ,(2.23)
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1

2µ2
τ2xyh(x, y) =

2

π

∞
∫

0

[[

ξ(B1 +B2y) +

(

1 − κ2

2

)

B2

]

eξy

]

sin(ξx)dξ.(2.24)

The subscripts h appearing in Eqs. (2.19)–(2.24) refer to the displacement
and stress field for the FG layer and the elastic half-plane in the case when the
body forces are neglected. Additionally, µ2 and κ2 are the shear modulus and
the Kolosov constant respectively of the elastic half-plane.

2.2. The case including the body force of the FG layer

Consider an FG layer with a thickness h resting on an elastic half-plane,
as shown in Fig. 2. Let ρ1(y)g be the body force acting vertically along the
FG layer. Note that the body force acting on the elastic half-plane is neglected
because it does not disturb the contact stress distribution. The mass density of
the FG layer is assumed to vary exponentially throughout the thickness of the
FG layer as

(2.25) ρ1(y) = ρ0e
γy,

where ρ0 is the mass density of the FG layer at y = 0, γ is an arbitrary non-zero
constant that characterizes the material’s inhomogeneity and g is gravitational
acceleration.

Fig. 2. Geometry of the problem relating to the case including the body force of the FG
layer.

In the case where the body force of the FG layer is considered, the two-
dimensional Navier equations can be written as

(2.26) (κ1 +1)
∂2u

∂x2
+(κ1 − 1)

∂2u

∂y2
+2

∂2v

∂x∂y
+β(κ1 − 1)

∂u

∂y
+β(κ1 − 1)

∂v

∂x
= 0,
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(2.27) (κ1 − 1)
∂2v

∂x2
+ (κ1 + 1)

∂2v

∂y2
+ 2

∂2u

∂x∂y
+ β(3 − κ1)

∂u

∂x

+ β(κ1 + 1)
∂v

∂y
=
ρ0

µ0
(κ1 + 1)ge(γ−β)y,

where

(2.28) u = u(x) and v = v(y).

If the rigid body displacement at the contact surface between the FG layer
and the elastic half-plane is neglected, the boundary conditions in the case with
a body force can be written as

u(0) = 0,(2.29)

v(−h) = 0,(2.30)

σy =

0
∫

y

−ρ0 e
γyg dy,(2.31)

0
∫

−h

σxdy = 0.(2.32)

By solving Eqs. (2.26) and (2.27) and using the boundary conditions in
Eqs. (2.29)–(2.32), the particular part of the stress field corresponding to the
case with body force of the FG layer can be obtained as

(2.33) σ1yp =
ρ0g(e

γy − 1)

γ
.

The subscripted p refers to the particular part of the stress and displacement
fields corresponding to the existing body forces only. Then, the total stress field
can be used to obtain the initial separation loads and distances for the FG layer:

(2.34) σ1y(x, y) =
2µ0e

βy

π(κ1 − 1)

∞
∫

0

4
∑

j=1

AjCj e
njy cos(ξx)dξ +

ρ0g(e
γy − 1)

γ

(−h < y ≤ 0).

3. Boundary conditions of the problem and

the singular integral equation

To determine the unknown constants Aj (j = 1, . . . , 4), the problem must be
considered under the following boundary conditions and the global equilibrium
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condition:

τ1xy(x, 0) = 0 (0 ≤ x <∞),(3.1)

σ1y =

{

−p(x)
0

(0 ≤ x < a)
(a ≤ x <∞)

}

,(3.2)

τ1xy(x,−h) = 0 (0 ≤ x <∞),(3.3)

τ2xy = (x,−h) = 0 (0 ≤ x <∞),(3.4)

σ1y(x,−h) = σ2y(x,−h) (0 ≤ x <∞),(3.5)

∂

∂x
[v1(x,−h) − v2(x,−h)] = 0 (0 ≤ x <∞),(3.6)

∂

∂x
[v1(x, 0)] = 0 (0 ≤ x < a).(3.7)

By applying the boundary conditions in Eqs. (3.1)–(3.6) to the stress and
displacement fields, the Aj (j = 1, . . . , 4) and Bi (i = 1, 2) coefficients can be
determined in terms of the unknown contact stress p(x). By substituting these
coefficients into Eq. (3.7) and after some routine manipulations and the use of
the symmetry condition p(x) = p(−x), the following singular integral equation
for p(x) can be obtained:

(3.8)
1

π

a
∫

−a

[

1

t− x
+

1

h
k1(x, t)

]

p(t)dt = 0 (0 ≤ x < a).

The kernel k1(x, t) is given by Eq. (A.1) in the Appendix. The equilibrium con-
dition of the problem can be expressed as

(3.9)

a
∫

−a

p(t)dt = P .

To obtain the initial separation load and initial separation distance between
the FG layer and the elastic half-plane, the contact stress field σ1y(x,−h) needs
to be determined. By substituting the values of Aj (j = 1, . . . , 4) as evaluated in
terms of p(x) into Eq. (2.34) and after some algebra manipulations, the contact
stress field can be obtained as follows:

(3.10) σ1y(x,−h) =
ρ0g(e

−γh − 1)

γ
− 1

πh

a
∫

−a

k2(x, t)p(t)dt (0 ≤ x <∞).

The kernel k2(x, t) is given by Eq. (A.2) in the Appendix. To simplify the solu-
tion of the singular integral equation, the following dimensionless quantities are
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introduced:

(3.11) x = as, t = ar, g(r) =
p(ar)

ρ0gh
.

Substituting the values from Eq. (3.11), Eqs. (3.8)–(3.10) can be obtained as
follows:

1
∫

−1

[

1

r − s
+
a

h
k1(s, r)

]

g(r)dr = 0 (−1 < s < 1),(3.12)

a

h

1
∫

−1

g(r)dr =
P

ρ0gh2
= λ,(3.13)

σ1y(x,−h)
ρ0gh

=
(e−γh − 1)

γh
− 1

π

a

h

1
∫

−1

k2(x, ar)g(r)dr,(3.14)

where λ is defined as the load factor. Because the contact stress under a rigid
stamp goes to infinity at the corners, i.e., g(±1) → ∞, the index of the singular
integral equation (3.12) is +1. Assuming the solution of the integral equation as
reported by Ergodan and Gupta in [31],

(3.15) g(r) =
G(r)

√

(1 − r2)
(−1 < r < 1),

and using the appropriate Gauss–Chebyshev integration formula, Eqs. (3.12) and
(3.13) can then be replaced by:

n
∑

i=1

Wi

[

1

ri − sj
+
a

h
k1(sj , ri)

]

G(ri) = 0 (j = 1, . . . , n− 1),(3.16)

a

h

n
∑

i=1

WiG(ri) =
λ

π
,(3.17)

where

W1 = Wn =
1

2n− 2
, Wi =

1

n− 1
(i = 2, . . . , n− 1),(3.18)

ri = cos

(

i− 1

n− 1
π

)

(i = 1, . . . , n),(3.19)

sj = cos

(

2j − 1

n− 1

π

2

)

(j = 1, . . . , n− 1).(3.20)
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Equations (3.16) and (3.17) constitute n linear algebraic equations for n un-
knowns, i.e., G(ri) (i = 1, . . . , n). The solution to these algebraic equations
and the use of Eq. (3.15) yield the unknown contact stress function under the
rigid stamp. Substituting the contact stress function into Eq. (3.14) and using
the Gauss–Chebyshev integration formula, the contact stress σ1y(x,−h) between
the FG layer and the elastic half-plane can be obtained.

In the case in which the λ load factor defined in Eq. (3.13) reaches a certain
critical value (λcr), a separation occurs at the contact surface. Therefore, for
Eq. (3.14) to be valid, the σ1y(x,−h) contact stress needs to be compressive at
every point on the contact surface. This is only true if 0 ≤ λ ≤ λcr. In the case
in which λ > λcr, a separation occurs between the FG layer and the elastic half-
plane and the problem turns into a discontinuous contact problem. Therefore,
the boundary conditions for continuous contact are no longer valid.

To determine the initial separation load and initial separation distance be-
tween the FG layer and the elastic half-plane, Eq. (3.14) needs to be equalized
to zero. Using this equation, the initial separation load and the initial separation
distance (point) can be determined together. The critical load factor that causes
the initial separation is given as follows:

(3.21) λcr =
Pcr

ρ0gh2
.

With load factors greater than critical load factor (λ > λcr), a separation
begins to occur between the FG layer and the elastic half-plane, as stated above.
In such a case, the problem needs to be addressed as a discontinuous contact
problem.

4. Numerical results and discussion

In this study, the influence of the material inhomogeneity parameters βh
and γh, the interface material property mismatch µ−h/µ2 and the rigid stamp
width (a/h) on the dimensionless contact stress distribution under a rigid stamp
was reported. In addition, the initial separation load λcr and the distance xcr/h
between the FG layer and the elastic half-plane were obtained for various values
of material inhomogeneity parameters (βh and γh) and rigid stamp width (a/h).
The shear modulus and mass density of the FG layer at y = −h, µ−h and ρ−h

are defined as

µ−h = µ0 e
−βh,(4.1)

ρ−h = ρ0 e
−γh.(4.2)

As seen in Eqs. (4.1)–(4.2), βh > 0 and γh > 0 indicate that the rigidity of
the top surface of the layer is greater than that of the bottom surface, βh = 0.001
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and γh = 0.0001 correspond to a special case in which the layer is homogeneous
and βh < 0 and γh < 0 indicate that the rigidity of the top surface of the layer
is lower than that of the bottom surface.

The contact stress distributions under rigid stamp (y = 0) for various dimen-
sionless quantities such as a/h, βh and µ−h/µ2 are given in Figs. 3–5. Figure
3 illustrates how the stamp width (a/h) affects the dimensionless contact stress
distribution under a rigid stamp. An examination of Fig. 3 suggests that the
dimensionless contact stress decreases with an increasing stamp width. Figure 4
shows the effect of the inhomogeneity parameter βh on the dimensionless con-
tact stress distribution under a rigid stamp. It is clear from the figure that as βh
increases, i.e., as the rigidity of the layer decreases from top to bottom, the layer
becomes softer and the dimensionless contact stress increases towards the edges
of the stamp; however, the dimensionless contact stress decreases towards the
mid-point of the stamp. The effect of the interface material property mismatch
(µ−h/µ2) on the dimensionless contact stress distribution is shown in Fig. 5.
It can be concluded from this figure that as (µ−h/µ2) increases, i.e., when the
rigidity of bottom surface of the layer is greater than the rigidity of the elastic
half-plane, the dimensionless contact stress increases toward the edges of the
stamp whereas it decreases towards the mid-point of the stamp. In addition,
Figs. 3–5 illustrate that the dimensionless contact stress becomes infinitely large

Fig. 3. Effect of the stamp width (a/h) on the dimensionless contact stress distribution
under rigid stamp (κ1 = κ2 = 2, βh = −0.6931, µ−h/µ2 = 1, h = 1, µ0 = 1, y = 0).
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Fig. 4. Effect of the inhomogeneity parameter βh on the dimensionless contact stress
distribution under rigid stamp (κ1 = κ2 = 2, a/h = 1, µ−h/µ2 = 1, h = 1, µ0 = 1, y = 0).

Fig. 5. The effect of interface material property mismatch (µ−h/µ2) on the dimensionless
contact stress distribution under rigid stamp (κ1 = κ2 = 2, a/h = 2, βh = −0.6931, h = 1,

µ0 = 1, y = 0).
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at the edges of the rigid stamp and gradually decreases towards the x = 0 symme-
try axis. This is an expected result because by examining the integral equation it
can be shown that the edges of the rigid stamp are singular points for the stress.

In the case of a homogeneous layer (βh = 0.001 and γh = 0.0001), one can
compare the results with those obtained in Cakiroglu [32], and for the same
case, by assigning a large value to µ2 (µ2 → ∞), one can compare the results
with those obtained in Civelek and Erdogan [33], and Civelek et al. [34].
The results of these comparisons are given in Tables 1 and 2, respectively. As
listed in Tables 1 and 2, the initial separation loads and distances obtained for
various stamp widths are very close to the results obtained in [32–34].

Table 1. Comparison of the initial separation loads and distances with those
from Cakiroglu [32] (κ1 = κ2 = 2, y = −h, h = 1, µ0 = 1, βh = 0.001, γh = 0.0001).

(a/h)
↓

(1 + κ2)

(1 + κ1)

µ1

µ2

= 0.5
(1 + κ2)

(1 + κ1)

µ1

µ2

= 1

Present Before [32] Present Before [32]

λcr xcr/h λcr xcr/h λcr xcr/h λcr xcr/h

0.5 120.399 2.584 120.396 2.584 158.331 3.074 158.305 3.074

1 168.037 3.029 168.017 3.029 209.809 3.506 209.738 3.506

2 273.514 4.044 273.489 4.044 325.987 4.532 325.881 4.532

4 439.034 6.060 438.900 6.060 502.989 6.556 502.854 6.555

Table 2. Comparison of the initial separation loads and distances with those
from Civelek and Erdogan [33], and Civelek et al. [34] (κ1 = κ2 = 2, y = −h,

h = 1, µ0 = 1, βh = 10−5, γh = 10−6).

(a/h)
↓

µ2 → ∞

Present Before [33, 34]

λcr xcr/h λcr xcr/h

0.5 58.7965 2.00 58.78 –

1 92.3735 2.46 92.40 –

2 169.487 3.46 169.57 –

10−20 44.13 1.77 44.13924 1.77055

The contact stress distributions between the FG layer and the elastic half-
plane (y = −h) for various dimensionless quantities such as (a/h), (βh), (γh)
and (µ−h/µ2) are given in Figs. 6–9. The effect of the stamp width (a/h) on the
initial separation load and the distance is presented in Fig. 6. It can be concluded
from this figure that with increasing values of the stamp width (a/h), the initial
separation loads and the initial separation distances increase. The effect of the
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Fig. 6. The effect of stamp width (a/h) on the initial separation load and distance
(κ1 = κ2 = 2, βh = −0.6931, γh = 1.0986, µ−h/µ2 = 1, h = 14, µ0 = 1, y = −h).

Fig. 7. Effect of the inhomogeneity parameter (βh) on the initial separation load and
distance (κ1 = κ2 = 2, a/h = 2, γh = 1.6094, µ−h/µ2 = 1, h = 1, µ0 = 1, y = −h).
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Fig. 8. Effect of the inhomogeneity parameter (γh) on the initial separation load and
distance (κ1 = κ2 = 2, a/h = 1, βh = 0.6931, µ−h/µ2 = 1, h = 1, µ0 = 1, y = −h).

Fig. 9. The effect of interface material property mismatch (µ−h/µ2) on the initial separation
load and distance (κ1 = κ2 = 2, a/h = 4, γh = 1.0986, βh = 0.6931, h = 1, µ0 = 1, y = −h).
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inhomogeneity parameters βh and γh on the initial separation load and the
distance is presented in Figs. 7 and 8 and Table 3. An examination of Fig. 7
and Table 3 shows that with increasing values of βh, the initial separation loads
decrease and the initial separation distances increase. Moreover, both Fig. 8 and
Table 3 show a negative correlation between the inhomogeneity parameter γh
and the initial separation load; however, the initial separation distance is not
affected by the change in γh.

Table 3. Effect of the inhomogeneity parameters (βh) and (γh) on the initial
separation loads and distance (κ1 =κ2 =2, a/h=2, µ−h/µ2 =1, h=1, µ0 =1, y=−h).

(γh)
↓

βh

−1.3863 −0.6931 0.001 0.6931 1.3863

λcr xcr/h λcr xcr/h λcr xcr/h λcr xcr/h λcr xcr/h

−1.6094 1132.22 4.139 932.799 4.310 810.209 4.532 735.714 4.801 693.795 5.121

−1.0986 829.348 4.139 683.274 4.310 593.477 4.532 538.91 4.801 508.204 5.121

0.0001 455.546 4.139 375.311 4.310 325.987 4.532 296.014 4.801 279.148 5.121

1.0986 276.453 4.139 227.761 4.310 197.828 4.532 179.639 4.801 169.403 5.121

1.6094 226.452 4.139 186.567 4.310 162.048 4.532 147.148 4.801 138.764 5.121

The effect of interface material property mismatch (µ−h/µ2) on the initial
separation load and distance is shown in Fig. 9. As seen in this figure, the initial
separation load and the initial separation distance increase with increasing values
of (µ−h/µ2).

5. Conclusions

In this study, the continuous contact problem of the FG layer resting on the
elastic half-plane was solved using the linear elasticity theory. The shear modulus
and mass density of the layer were assumed to vary exponentially throughout the
thickness of the layer. The dimensionless contact stress distribution under the
stamp, initial separation loads and distances between the FG layer and the elastic
half-plane were obtained for various values of stamp width (a/h), inhomogeneity
parameters (βh and γh) and interface material property mismatch (µ−h/µ2).
The dimensionless contact stress decreases with increasing stamp width. As the
inhomogeneity parameter βh increases, the dimensionless contact stress increases
towards the edges of the stamp and decreases towards the mid-point of the stamp.
The same behaviour is observed in the case of increasing interface material prop-
erty mismatch (µ−h/µ2). With increasing values of the inhomogeneity parameter
βh, the initial separation loads decrease, whereas the initial separation distances
increase. With increasing values of the non-homogeneity parameter γh, the ini-
tial separation loads decrease, whereas the initial separation distances remain
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unchanged. With increasing values of the stamp width (a/h), the initial separa-
tion loads and the initial separation distances increase. As (µ−h/µ2) increases,
the initial separation load and the initial separation distance increase.

Appendix

(A.1) k1(x, t) =

∞
∫

0















































































































((4ξ(−4Fξ(D3((e
hn1−ehn2)(ehn3−ehn4)D4m1m2

+((ehn2−ehn3)(ehn1−ehn4)D2m1−(ehn1−ehn3)(ehn2−ehn4)D1m2)m4)

−m3(−(ehn2−ehn3)(ehn1−ehn4)D1D4m2

+D2((e
hn1−ehn3)(ehn2−ehn4)D4m1−(ehn1−ehn2)(ehn3−ehn4)D1m4)))

+C4(−ehn2(ehn1−ehn3)D1D3m2+D2(e
hn1(ehn2−ehn3)D3m1

+ehn3(ehn1−ehn2)D1m3))(1+κ2)

−C3(−ehn2(ehn1−ehn4)D1D4m2+D2(e
hn1(ehn2−ehn4)D4m1

+ehn4(ehn1−ehn2)D1m4))(1+κ2)

+C2(−ehn3(ehn1−ehn4)D1D4m3+D3(e
hn1(ehn3−ehn4)D4m1

+ehn4(ehn1−ehn3)D1m4))(1+κ2)

−C1(−ehn3(ehn2−ehn4)D2D4m3+D3(e
hn2(ehn3−ehn4)D4m2

+ehn4(ehn2−ehn3)D2m4))(1+κ2)))/∆)−1















































































































×sin(t−x) z
h
dz

(A.2) ∆ = (1+κ1)(4ehn4FξC4(−(ehn1 −ehn3)D1D3m2

+D2((e
hn2 −ehn3)D3m1 +(ehn1 −ehn2)D1m3))

+C1(−4ehn1Fξ(−(ehn2 −ehn4)D2D4m3

+D3((e
hn3 −ehn4)D4m2 +(ehn2 −ehn3)D2m4))

+(ehn2 −ehn3)(ehn1 −ehn4)C4D2D3(1+κ2))

+C3(−4ehn3Fξ(−(ehn1 −ehn4)D1D4m2

+D2((e
hn2 −ehn4)D4m1 +(ehn1 −ehn2)D1m4))

+(ehn1 −ehn2)(ehn3 −ehn4)C4D1D2(1+κ2)

+(ehn2 −ehn3)(ehn1 −ehn4)C2D1D4(1+κ2)

−(ehn1 −ehn3)(ehn2 −ehn4)C1D2D4(1+κ2))

+C2(4ehn2Fξ(−(ehn1 −ehn4)D1D4m3

+D3((e
hn3 −ehn4)D4m1 +(ehn1 −ehn3)D1m4))

−(ehn1 −ehn3)(ehn2 −ehn4)C4D1D3(1+κ2)

+(ehn1 −ehn2)(ehn3 −ehn4)C1D3D4(1+κ2))),
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(A.3) k2(x, t) =

∞
∫

0



































































(−4e−hβFξ(C4(−(ehn1 −ehn3)D1D3m2

+D2((e
hn2 −ehn3)D3m1 +(ehn1 −ehn2)D1m3))

−C3(−(ehn1 −ehn4)D1D4m2 +D2((e
hn2 −ehn4)D4m1

+(ehn1 −ehn2)D1m4))

+C2(−(ehn1 −ehn4)D1D4m3 +D3((e
hn3 −ehn4)D4m1

+(ehn1 −ehn3)D1m4))

−C1(−(ehn2 −ehn4)D2D4m3 +D3((e
hn3 −ehn4)D4m2

+(ehn2 −ehn3)D2m4))))/∆
∗



































































×cos(t−x) z
h
dz,

(A.4) ∆∗ = 4ehn4FξC4(−(ehn1 −ehn3)D1D3m2

+D2((e
hn2 −ehn3)D3m1 +(ehn1 −ehn2)D1m3))

+C1(−4ehn1Fξ(−(ehn2 −ehn4)D2D4m3

+D3((e
hn3 −ehn4)D4m2 +(ehn2 −ehn3)D2m4))

+(ehn2 −ehn3)(ehn1 −ehn4)C4D2D3(1+κ2))

+C3(−4ehn3Fξ(−(ehn1 −ehn4)D1D4m2

+D2((e
hn2 −ehn4)D4m1 +(ehn1 −ehn2)D1m4))

+(ehn1 −ehn2)(ehn3 −ehn4)C4D1D2(1+κ2)

+(ehn2 −ehn3)(ehn1 −ehn4)C2D1D4(1+κ2)

−(ehn1 −ehn3)(ehn2 −ehn4)C1D2D4(1+κ2))

+C2(4ehn2Fξ(−(ehn1 −ehn4)D1D4m3

+D3((e
hn3 −ehn4)D4m1 +(ehn1 −ehn3)D1m4))

−(ehn1 −ehn3)(ehn2 −ehn4)C4D1D3(1+κ2)

+(ehn1 −ehn2)(ehn3 −ehn4)C1D3D4(1+κ2)),

(A.5) F =
µ2(κ1−1)

µ0e−βh
.
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