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A size-dependent model for cross-ply composite laminated plate bonded
with PZT actuators is developed by using re-modified couple stress theory (RMCST),
which only uses two material length scale parameters to describe the size-dependent
effect. An equivalent bending moment model and a refined model are developed by
using two different ways. The analytical solution of equivalent bending moment model
for simply supported composite laminated plate is obtained. The equilibrium equa-
tion of motion and corresponding boundary constraints of the refined model are
established from the potential energy principle. The Ritz approximate solution of
transverse deflection of the refined model indicates that the size-effect cannot be
ignored in micro-scale. Numerical examples are given to account for the effect of
material length scale parameters and dimensions of piezoelectric actuators on the
defection of composite laminated plate.
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1. Introduction

The piezoelectric ceramics possess the abilities of generating an elec-
trical charge in response to an externally applied load and inducing mechanical
strains in proportion of an electric potential. This kind of interaction between
electrical and mechanical fields (named as direct and inverse piezoelectric effect)
eventually has resulted in their extensive application as sensors and actuators in
various engineering applications. When a very high electrical voltage results in
only tiny variations in the width of crystal, the deformation should be controlled
precisely in the range of micrometer. Thus piezoelectric crystals become the most
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significant facility for positioning an object with greater accuracy. Piezoceram-
ics are the most widely used piezoelectric crystals in smart structures and can
be bonded to the composite plates or shells without remarkably altering the
structural stiffness [1].

Crawley and Luis [2] established a model to predict the performance of flex-
ible host-beams with segmented piezoelectric actuators. Huang and Sun [3] pre-
sented the numerical development to analyze wave propagation in an anisotropic
medium with surface-bonded piezoceramic actuators subject to high frequency
electrical inputs. Dimitriadis et al. [4] studied the dynamic response of a sim-
ply supported elastic plate actuated by two dimensional patches of piezoelectric
materials bonded to the surface of elastic structures. Her and Lin [1] developed
a model to analyze the transverse deformation of a cross-ply composite laminated
plate with a pair of symmetrically surface bonded piezoelectric actuators excited
by equal-amplitude voltages with an opposite sign. Luo and Tong [5] used or-
thotropic PZT actuators to control the twisting and bending shapes for the
specified plate of high precision. Other researches related to piezoelectric-based
shape control of composite structures include Lin and Nien [6] and Bowen
et al. [7, 8].

Piezoelectric components are also extensively used in micro-structures, such
as micro-actuators [9], micro-sensors [10]. Numerous experiments have shown
that size effects should be taken into consideration [11, 12] when microstructural
size scales down to micrometers. Since the conventional continuum theory cannot
account for this phenomenon because of the absence of internal material length
scale parameters (IMLSP), many new theories for microstructures to capture
the scale effect come into being. Among all these developed theories to explain
this unusual experimental phenomenon, the most widely used theories include
the classical couple stress theory [13, 14], the nonlocal elasticity theory [15] and
the strain gradient theory [12] Due to the difficulties of determining IMLSPs,
aforementioned size-dependent theories are not very convenient to be used in
practical application. Lately, since the pioneering work of Yang et al. [16] in
which the couple stress tensor becomes symmetrical and the number of IMLSP
is reduced to only one, the modified couple stress theory was widely used to
analyze the size-dependent flexural deformation, free vibration and instability
of micro-beams and micro-plates [17–24] as well as the pull-in phenomena in
MEMS [25, 26].

A literature survey shows that the existing investigations primarily focus
on the size-dependent functionally graded piezoelectric (FGP) beam and plate
[27–30], piezoelectric microbeams [31] and piezoelectric nanobeam [32–34]. No
work has been carried out on the investigation of size effect on piezoelectric lam-
inated plates. So far, only a very few works [35–40] were reported for the piezo-
electric laminated beam based on the modified couple stress theory (MCST). It is
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worth noting that all of the aforementioned models are limited to an isotropic
theory and are unable to solve anisotropic problems, especially establishing cou-
ple stress based laminated beam/plate models. Indeed, it is not straightforward
to extend the couple stress theory [16] to establish composites laminated models.
However, composite laminated materials have found increasing applications in
engineering structures because of their high strength-to-weight and stiffness-to-
weight ratios. Recently, Chen et al. [41] have presented a re-modified couple
stress theory to analyze the scale effects of anisotropy plate, such as the com-
posite laminated Reddy plate, in which a new asymmetric curvature tensor is
used to establish the constitutive relations of a laminated plate for anisotropy
materials instead of the conventional symmetric one, and the former reduces
to the latter in the case of isotropic elasticity. After this, Chen and Li [42]
established a size-dependent Timoshenko beam model to study the free vibra-
tion of composite laminated beam by using RMCST. Chen and his collaborator
also developed a size-dependent composite laminated plate model by using the
global-local theory [43]. Mohammadabadi et al. [44] used this theory to inves-
tigate the effect of temperature on size-dependent buckling of a composite lam-
inated micro-beam. To the best of authors’ knowledge, however, size-dependent
investigation of composite laminated piezoelectric plate based on RMCST for or-
thotropic anisotropy materials [41, 45] has not been presented so far. At present,
micro- and nano-scale composite beams and/or plates are generally utilized in
micro/nano- electromechanical systems (MEMS/ NEMS), such as resonant mi-
crosensors [46], micro-pumps [47], micro-switches [48], micro-mirrors [49] as well
as Atomic Force Microscope [50] and so on. Among them, thin composite micro-
plates with a piezoelectric layer have many applications. For example, many
investigators pointed out that piezoelectric micro/nano-structures can be uti-
lized to enhance the property of resonant microsensors acting as signal filtering
and chemical and mass sensing [51]. As another example, a piezoelectric actua-
tor also plays the role of actuating a composite micro-plate in an atomic force
microscopes for topography and manipulation operation [50]. To promote these
wishing applications, the increasing understanding of the mechanical behaviors
of foregoing piezoelectric micro/nano-plates is becoming more and more impor-
tant. This motivates our present research.

This paper presents a size-dependent analysis of the transverse deformation
of a cross-ply composite laminated plate excited by piezoelectric actuators by
using RMCST. The present model only has two IMLSPs to account for the scale
effect. Equal-amplitude voltages with an opposite sign are applied to the two
PZT actuators. An equivalent bending moment model and a refined model are
developed by two different ways. The analytical solution of the equivalent bend-
ing moment model for simply supported composite laminated plate is obtained.
The equilibrium equation and corresponding boundary conditions of the refined



180 H. Wang, Z. Li, S. Zheng

model are obtained from the potential energy principle. The Ritz approximate
solution of deflection of the refined model indicates that the size-effect cannot
be ignored in micro-scale. Numerical examples are introduced to account for the
effect of IMLSPs and dimensions of piezoelectric actuators on the defection of
composite laminated plate.

2. Modified couple stress theory

According to MCST [16] for isotropic linear elasticity, the virtual strain en-
ergy of a deformed body occupying the region Ω is given as:

(2.1) δU =

∫

Ω

(σijδεij + mijδχij)dΩ,

where repeated indices imply summation; σij and εij denote the stress tensors
and the strain tensors, respectively; mij and χij are the couple stress tensors
and the symmetric curvature tensors, respectively. The strain tensors, symmetric
curvature tensors are defined as follows:

(2.2)

{

εij = 1
2(ui,j + uj,i),

χij = 1
2(ωi,j + ωj,i),

where ui is the component of the displacement vector and ωi represents the in-
finitesimal rotation tensor; εij and χij are symmetric tensor, and ω = curl (u)/2.

Using the curvature and strain tensors, the constitutive relations can be given
as:

(2.3)

{

σij = λεkkδij + 2Gεij ,
mij = 2Gl2χij ,

where l is the material length scale parameter; λ and G are elasticity constants,
and δij is the Kronecker delta.

3. RMSCT for composite laminated plate

A new constitutive equation between couple stress and curvatures for the kth
ply can be written as [41]:

(3.1)
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where Ck
44 = Gk

13, Ck
55 = Gk

23, lkb and lkm are the material micro-structural
constants related to the fiber and matrix, respectively. The stress moments are
symmetric and the curvatures are asymmetric. It should be noted that ωz is
usually assumed to be zero in RMCST [41]. Therefore, χyz and χxz are calculated
to be zero.

In the local coordinate system (x′, y′, z′), the constitutive relations for the
kth ply are represented as:

(3.2) σ̄k = Ckεk

where

{

σ̄k = [σk
x′ σk

y′ σk
x′y′ τk

x′z′ τk
y′z′ mk

x′ mk
y′ mk

x′y′ mk
y′x′ ]T ,

εk = [εx′ εy′ γx′y′ γx′z′ γy′z′ χx′ χy′ χx′y′ χy′x′ ]T
(3.3)

Ck =
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,(3.4)

where

(3.5)
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2∆
, Ck

12 = Ck
21 =

vk
21 + vk

22v
k
21
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,
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,
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k
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k
12)

Ek
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2

in which, (Ek
1Ek

2 ) and (vk
12v

k
21) represent the elastic constants and Poisson ratios

of the kth layer in the composite laminated plate respectively. (Gk
12G

k
22) are shear

elastic constants.
From coordinate transformation, the constitutive relations for the kth layer

in the global coordinate system(x, y, z) are formulated as follows:

(3.6) σk = Qkε
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where

(3.7)

{

σk = [σk
x σk

y σk
xy τk

xz τk
yz mk

x mk
y mk

xy mk
yx]T ,

ε = [εx εy γxy γxz γyz χxχy χxy χyx]T ,

and

(3.8) Qk = T kT
CkT k

in which, T kis coordinate transformation matrix that is given as follows:

(3.9) T k =
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where m = cos ϕk, n = sinϕk and ϕk is ply angle.
The components of Qkare of the following form:
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(3.11)
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(3.12)

4. Equations of composite laminated plate induced by PZT actuators

based on the new RMCST

Two piezoelectric actuators are symmetrically bonded to the surface of
a cross-ply composite laminated plate, as shown in Fig. 1. Two identical piezo-
electric elements are driven 180◦ out of phase with the same signals. As an
electrical voltage is acted along the direction of polarization, the induced actu-
ators cause the composite laminated plate to bend. For a free thin PZT patch,
the magnitude of the induced strains can be written as follows:

(4.1) (εx)pe = (εy)pe = εpe =
d31

tpe
V,

where d31, tpe and V are the piezoelectric constant, actuator thickness and ap-
plied voltage, respectively.

Fig. 1. Schematic diagram of composite laminated plate and piezoelectric actuators.

According to the Kirchhoff plate theory, the displacement field of composite
laminated plate can be written as:

(4.2) u = −z
∂w

∂x
, v = −z

∂w

∂y
, w = w(x, y).
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From Eq. (4.2), the associated strains can be obtained:

(4.3)

εx = −z
∂2w

∂x2
, εy = −z

∂2w

∂y2
,

γxy = −2z
∂2w

∂x∂y
, γxz = γyz = εz = 0.

The components of the curvature tensor associated with a displacement field
are of the following form:

(4.4) χx =
∂2w

∂x∂y
, χy = − ∂2w

∂x∂y
, χxy =

∂2w

∂y2
, χyx = −∂2w

∂x2
.

For a cross-ply laminated plate, ϕk = 0 or ϕk = π/2 that result in mn = 0.
Also, we can assume l2km = 0 because of l2kb ≫ l2km [41, 45]. Therefore, the
stress-strain relation can be simplified as:

(4.5) σk = Qkε

where

(4.6)

{

σk = [σk
x σk

y σk
xy mk

x mk
y mk

xy mk
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Equations (3.11) and (3.12) become as follows:

(4.8)
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For piezoelectric actuators, the stress in the top piezoelectric element is given
by:

(4.9)

(σ1
x)pe =

Epe

1 − v2
pe

(εx + vpeεy − (1 + vpe)εpe),

(σ1
y)pe =

Epe

1 − v2
pe

(vpeεx + εy − (1 + vpe)εpe),

(σ1
xy)pe =

Epe

1 − v2
pe

γxy,

(m1
x)pe = 2Gpel

2
pe(χx)pe,

(m1
y)pe = 2Gpel

2
pe(χy)pe,

(m1
xy)pe = 2Gpel

2
pe(χxy)pe.

For the bottom piezoelectric layer, the stress can be expressed as:

(4.10)

(σ2
x)pe =

Epe

1 − v2
pe

(εx + vpeεy + (1 + vpe)εpe),

(σ2
y)pe =

Epe

1 − v2
pe

(vpeεx + εy + (1 + vpe)εpe),

(σ2
xy)pe =

Epe

1 − v2
pe

γxy,

(m2
x)pe = 2Gpel

2
pe(χx)pe,

(m2
y)pe = 2Gpel

2
pe(χy)pe,

(m2
xy)pe = 2Gpel

2
pe(χxy)pe,

where the subscript ‘pe’ denotes the piezoelectric element lpe is the material
length scale parameter, Epe is the Young’s modulus, Gpe and vpe represent the
shear modulus and Poisson’s ratio, respectively. The curvature tensor can be
written as:

(4.11)



































(χx)pe =
∂2w

∂x∂y
,

(χy)pe = − ∂2w

∂x∂y
,

(χxy)pe =
1

2

(

∂2w

∂y2
− ∂2w

∂x2

)

.

5. The model of equivalent bending moment

Applying the moment equilibrium equation with respect to y-axis i.e. (the
neutral axis, shown in Fig. 1), yields
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h/2
∫

−h/2

mk
xdZ +

h/2
∫

−h/2

σk
xZdZ +

−h/2
∫

−h/2−tpe

(σ2
x)peZdZ

+

h
∫

h/2

(σ1
x)peZdZ +

h/2+tpe
∫

h/2

(m1
x)pedZ +

−h/2
∫

−h/2−tpe

(m2
x)pedZ = 0,

h/2
∫

−h/2

mk
ydZ +

h/2
∫

−h/2

σk
yZdZ +

−h/2
∫

−h/2−tpe

(σ2
y)peZdZ +

h/2+tpe
∫

h/2

(σ1
y)peZdZ

(5.1)

+

h/2+tpe
∫

h/2

(m1
y)pe

dZ +

−h/2
∫

−h/2−tpe

(m2
y)pe

= 0,

h/2
∫

−h/2

mk
xydZ +

h/2
∫

−h/2

mk
yxdZ +

h/2
∫

−h/2

(σk
xy)p

ZdZ +

−h/2
∫

−h/2−tpe

(σ2
xy)peZdZ

+

h/2+tpe
∫

h/2

(σ1
xy)peZdZ +

h/2+tpe
∫

h/2

(m1
xy)pe

dZ +

−h/2
∫

−h/2−tpe

(m2
xy)pe

= 0,

where h and tpe denote the thickness of the composite laminated plate and the
thickness of piezoelectric actuators, respectively.

Substituting Eqs. (4.6), (4.9) and (4.10) into Eq. (5.1), we obtain:

[Ī11 + 2(D11)pe]κx + [Ī12 + 2(D12)pe]κy + [2l2 ˜̃Q+4
44 l2pe(Ype)]κxy

= (1 + vpe)2(B11)peεpe,

(5.2) [Ī12 + 2(D12)pe]κx + [Ī22 + 2(D22)pe]κy + [−2l2 ˜̃Q−

554l2pe(Ype)]κxy

= (1 + vpe)2(B11)peεpe,

[−l2 ˜̃Q55 − l2pe(Ype)]κx + [l2 ˜̃Q44 + l2pe(Ype)]κy + [2(D11)pe + Ī66]κxy = 0,

where

(5.3)

κx =
∂2w

∂x2
,

κy =
∂2w

∂y2
,

κxy =
∂2w

∂x∂y
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and

(5.4)

Īij =
n

∑

k=1

Qk
ij(z

3
k+1 − z3

k)

3

l2 ˜̃Qij =
n

∑

k=1

[l2kbQ̃
k
ij(zk+1 − zk)]

(Y )pe = Gpetpe,

(B11)pe =
1

2

Epe

1 − v2
pe

((tpe + h/2)2 − (h/2)2),

(D12)pe =
1

3

vpeEpe

1 − v2
pe

((tpe + h/2)3 − (h/2)3),

(D11)pe = (D22)pe =
1

3

Epe

1 − v2
pe

((tpe + h/2)3 − (h/2)3),

where Zk denotes the position of the upper surface of the kth layer in the com-
posite laminated plate Zk−1 the lower surface

From Eq. (5.2), κx ,κy and κxycan be expressed as:

(5.5) κx = A1εpe, κy = A2εpe, κxy = A3εpe,

where A1, A2 and A3 are the unknown algebraic formula obtained by solving
Eq. (5.2)

The moment induced by a piezoelectric actuator in bothx and y directions
per unit length can be calculated:

(5.6)

Mpe
x =

N
∑

k=1

[

Zk
∫

Zk−1

Zσk
xdz

]

+

N
∑

k=1

[

Zk
∫

Zk−1

mk
xdz

]

=
N

∑

k=1

[

Zk
∫

Zk−1

Z2(Qk
11κx + Qk

12κy)dz

]

+
N

∑

k=1

[

Zk
∫

Zk−1

2l2Q̃k
44κxydz

]

,

Mpe
y =

N
∑

k=1

[

Zk
∫

Zk−1

Zσk
ydz

]

+

N
∑

k=1

[

Zk
∫

Zk−1

mk
ydz

]

=
N

∑

k=1

[

Zk
∫

Zk−1

Z2(Qk
12κx + Qk

22κy)dz

]

−
N

∑

k=1

[

Zk
∫

Zk−1

2l2Q̃k
55κxydz

]

.
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The substitution of Eq. (5.5) into Eq. (5.6) permits this term to be reformu-
lated as:

(5.7)
Mpe

x = C1εpe,

Mpe
y = C2εpe,

where

(5.8)
C1 = (Ī11A1 + Ī12A2 + 2l2 ˜̃Q44A3),

C2 = (Ī12A1 + Ī22A2 − 2l2 ˜̃Q55A3).

The induced moment by the piezoelectric actuators can also be expressed as:

(5.9)
Mpe

x = C1εpe[H(x − x1) − H(x − x2)][H(y − y1) − H(y − y2)],

Mpe
y = C2εpe[H(x − x1) − H(x − x2)][H(y − y1) − H(y − y2)],

where (x1y1) and (x2y2) are the coordinates of the actuator corners as depicted
in Fig. 2. H(x)is the unit Heaviside step function defined as:

(5.10) H(x) =

{

1, x > 0,

0, x < 0.

Fig. 2. The coordinates of the piezoelectric actuator.

The equilibrium equation for the composite laminated plate is given by:

(5.11) (Ī11 + l2 ˜̃Q55)
∂4w

∂x4
+ (2Ī12 + 4Ī66 + l2 ˜̃Q44 + l2 ˜̃Q55)

∂4w

∂x2∂y2

+ (Ī22 + l2 ˜̃Q44)
∂4w

∂y4
= P,
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where

(5.12) P =
∂2Mpe

x

∂x2
+

∂2Mpe
y

∂y2
.

The substitution of Eqs. (5.9) and (5.12) into (5.11), permits this term to be
reexpressed as:

(5.13) (Ī11 + l2 ˜̃Q55)
∂4w

∂x4
+ (2Ī12 + 4Ī66 + l2 ˜̃Q44 + l2 ˜̃Q55)

∂4w

∂x2∂y2

+ (Ī22 + l2 ˜̃Q44)
∂4w

∂y4

= C1εpe[δ
′(x − x1) − δ′(x − x2)][H(y − y1) − H(y − y2)]

+ C2εpe[H(x − x1) − H(x − x2)][δ
′(y − y1) − δ′(y − y2)],

where δ′(·) denotes the partial derivative of the Dirac delta function with respect
to its argument.

By using a Fourier series, the transverse deflection of a simply supported
rectangular plate can be expanded as:

(5.14) w(x, y) =
∞

∑

m=1

∞
∑

n=1

Wmn sin
mπx

a
sin

nπx

b
.

Substituting Eq. (5.14) into Eq. (5.13), the unknown constants to be deter-
mined can be expressed as:

(5.15) Wmn =

Pmn

m4π4

a4 (Ī11+l2 ˜̃Q55)+
m2π2

a2
n2π2

b2
(2Ī12+4Ī66+l2 ˜̃Q44+l2 ˜̃Q55)+

n4π4

b4
(Ī22+l2 ˜̃Q44)

,

where

Pmn =
4

a∗b

b
∫

0

a
∫

0

P (x, y) sin
mπx

a
sin

nπy

b
dxdy

=
4εpe

a∗b

[

−C2β
2
m+C1α

2
n

βmαn
(cos βmx1−cos βmx2)(cos αny1−cos αny2)

]

,(5.16)

βm =
mπ

a
, α=

n

nπ

b
.

As a special case, the present model degenerates to the model proposed by
Her and Lin [1] when the size effect is ignored (l = 0).
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6. A refined model developed by the potential energy principle

The model proposed in Section 5 is only suitable for the lesser actuator
thickness. This section presents a refined model, whose solution strictly satisfies
the partial differential control equations and associated boundary conditions of
a composite laminated plate bonded with piezoelectric actuators. The potential
energy principle for composite laminated plate and piezoelectric elements is given
by:

(6.1) δU − δW = 0,

where U and W denote the strain energy of the flexible body and the work done
by the external forces, respectively. In the present model, no external force is
produced (W = 0). The first variation of strain energy is expressed as:

(6.2) δU = δUc + δUp,

where

δUc =
n

∑

k=1

δUk =
n

∑

k=1

∫

V k

(σk
mδεm+mkδχ)dxdydz(6.3)

=

∫

Ω

( n
∑

k=1

zk+1
∫

zk

(σk
xδεx+σk

yδεy+σk
xyδγxy+mk

xδχx+mk
yδχy

+mk
xyδχxy+mk

yxδχyx)dz

)

dΩ

=

∫

Ω

(

(−Mcx−Ycyx)
∂2δw

∂x2
+(−Mcy+Ycxy)

∂2δw

∂y2

+(−2Mcxy+Ycx−Ycy)
∂2δw

∂x∂y

)

dΩ,

δUp =

∫

A

h+tpe
∫

h

(σxxδεx+σyyδεy+σxyδγxy(6.4)

+mxδχx+myδχy+2mxyδχxy)dAdz

+

∫

A

−h
∫

−h−tpe

(σxxδεx+σyyδεy+σxyδγxy

+mxδχx+myδχy+2mxyδχxy)dAdz

=

∫

A

(

(M̄xx+2Ep)
∂2δw

∂x2
+(M̄yy+2Ep)

∂2δw

∂y2
+M̄xy

∂2δw

∂x∂y

)

dA,
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where

M̄xx = −M1
pex − Y 1

pexy − M2
pex − Y 2

pexy,

M̄yy = −M1
pey + Y 1

pexy − M2
pey + Y 2

pexy,

M̄xy = −2M1
pexy + Y 1

pex − Y 1
pey − 2M2

pexy + Y 2
pex − Y 2

pey,

(Mcx, Mcy, Mcxy) =
n

∑

k=1

zk+1
∫

zk

(σk
x, σk

y , σk
xy)zdz,(6.5)

(Ycx, Ycy, Ycxy, Ycyx) =
n

∑

k=1

zk+1
∫

zk

(mk
x, mk

y , m
k
xy, m

k
yx)dz,

(M1
pex, M1

pey, M
1
pexy) =

h/2+tpe
∫

h/2

((σ1
x)pe, (σ

1
y)pe, (σ

1
xy)pe)zdz,

(Y 1
pex, Y 1

pey, Y
1
pexy) =

h/2+tpe
∫

h/2

((m1
x)pe, (m

1
y)pe, (m

1
xy)pe)dz,

(M2
pex, M2

pey, M
2
pexy) =

−h/2
∫

−h/2−tpe

((σ2
x)pe, (σ

2
y)pe, (σ

2
xy)pe)zdz,

(Y 2
pex, Y 2

pey, Y
2
pexy) =

−h/2
∫

−h/2−tpe

((m2
x)pe, (m

2
y)pe, (m

2
xy)pe)dz.

Substituting Eqs.(4.5)–(4.7) and Eqs. (4.9)–(4.11) into (6.5), we can obtain

Mcx = −Ī11
∂2w

∂x2
− Ī12

∂2w

∂y2
,

Mcy = −Ī12
∂2w

∂x2
− Ī22

∂2w

∂y2
, Mcxy = −2Ī66

∂2w

∂x∂y
,

Ycx = 2l2 ˜̃Q44
∂2w

∂x∂y
,

Ycy = −2l2 ˜̃Q55
∂2w

∂x∂y
,

Ycxy = Ycyx = l2 ˜̃Q44
∂2w

∂y2
− l2 ˜̃Q55

∂2w

∂x2
,
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M1
pex = M2

pex = −C12
11

∂2w

∂x2
− C12

12

∂2w

∂y2
,(6.6)

M1
pey = M2

pey = −C12
12

∂2w

∂x2
− C12

11

∂2w

∂y2
,

M1
pexy = M2

pexy = −2C12
11

∂2w

∂x∂y
,

Y 1
pex = Y 2

pex = Gpe
∂2w

∂x∂y
,

Y 1
pey = Y 2

pey = −Gpe
∂2w

∂x∂y
,

Y 1
pexy = Y 2

pexy =
1

2
Gpe

(

∂2w

∂y2
− ∂2w

∂x2

)

,

where

C12
11 =

h/2+tpe
∫

h/2

Epe

1 − v2
pe

z2dz =

−h/2
∫

−h/2−tpe

Epe

1 − v2
pe

z2dz,

C12
12 =

h/2+tpe
∫

h/2

vpeEpe

1 − v2
pe

z2dz =

−h/2
∫

−h/2−tpe

vpeEpe

1 − v2
pe

z2dz,

Ep =

h/2+tpe
∫

h/2

Epe

1 − vpe
εpezdz = −

−h/2
∫

−h/2−tpe

Epe

1 − vpe
εpezdz,(6.7)

Gpe =

h/2+tpe
∫

h/2

2Gpel
2
pedz =

−h/2
∫

−h/2−tpe

2Gpel
2
pedz.

Substituting Eqs. (6.3), (6.4) and (6.6) into (6.1), the differential governing
equation of the composite laminated plate induced by two piezoelectric actuators
can be derived as:

(6.8) (Ī11+l2 ˜̃Q55)
∂4w

∂x4
+(2Ī12+4Ī66+l2 ˜̃Q44+l2 ˜̃Q55)

∂4w

∂x2∂y2
+(Ī22+l2 ˜̃Q44)

∂4w

∂y4

+

(

(2C12
11+Gpe)

∂4w

∂x4
+(4C12

12+8C12
11+2Gpe)

∂4w

∂x2∂y2
+(2C12

11+Gpe)
∂4w

∂y4

)

g(x, y)

+2Epgxx+2Epgyy = 0
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with

g(x, y) = [H(x − x1) − H(x − x2)][H(y − y1) − H(y − y2)],(6.9)

gxx = [δ′(x − x1) − δ′(x − x2)][H(y − y1) − H(y − y2)],

gyy = [H(x − x1) − H(x − x2)][δ
′(y − y1) − δ′(y − y2)].

(6.10)

In addition, the mechanical boundary conditions for a simply supported com-
posite laminated plate and piezoelectric element can also be derived by the vari-
ational principle as:

(6.11)
w = 0 at x = 0 and x = a,

w = 0 at y = 0 and y = b.

Introducing Eqs. (6.3), (6.4) and (6.6) into Hamilton’s principle, the equa-
tions of motion of a rectangular micro-plate can be obtained as follows:

(6.12) − ∂2(Mcx + Ycyx)

∂x2
+

∂2(−Mcy + Ycxy)

∂y2
+

∂2(−2Mcxy + Ycx − Ycy)

∂x∂y

+

(

∂2M̄xx

∂x2
+

∂2M̄yy

∂y2
+

∂2M̄xy

∂x∂y

)

g(x, y) + 2Epgxx(x, y) + 2Epgyy(x, y) = 0.

Also the corresponding boundary conditions are

δw = 0

or

(6.13)
∂(Mcx+Ycyx)

∂x
nx − ∂(−Mcy + Ycxy)

∂y
ny −

1

2

∂(−2Mcxy + Ycx − Ycy)

∂x
ny

−
[

∂(M̄xx + 2Ep)

∂x
nx +

∂(M̄yy + 2Ep)

∂y
ny+

1

2

(

∂M̄xy

∂x
ny +

∂M̄xy

∂y
nx

)]

g(x, y)

− 1

2

∂(−2Mcxy + Ycx − Ycy)

∂y
nx + 2Ep[nxgx(x, y) + nygy(x, y)] = 0;

∂δw

∂x
= 0

or

(−Mcx − Ycyx)nx +
1

2
(−2Mcxy + Ycx − Ycy)ny

+

[

(M̄+
xx2Ep)nx +

1

2
M̄xyny

]

g(x, y) = 0,
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∂δw

∂x
= 0

or

(−Mcy + Ycxy)ny +
1

2
(−2Mcxy + Ycx − Ycy)nx + [(M̄yy + 2Ep)ny

+
1

2
M̄xynx]g(x, y) = 0,

where nx and ny are the components of normal vector to the boundary of mid-
plane.

7. The solution of equilibrium equation

To the best of author’s knowledge, the analytical solution of Eq. (6.8) is
very difficult to obtain. In order to investigate how the size effect influences the
deflection of the composite laminated plate and piezoelectric element, the the
Ritz method [52] is used to derive the approximate solution of Eq. (6.8), in which
the weak form of the variational statement of Eq. (6.8) is expressed as:
(7.1)

∫∫























































(Ī11+l2 ˜̃Q55)
∂2w

∂x2

∂2(δw)

∂x2
+Ī12(

∂2w

∂x2

∂2(δw)

∂y2
+

∂2w

∂y2

∂2(δw)

∂x2
)

+(4Ī66+l2 ˜̃Q+

44l
2 ˜̃Q55)

∂2w

∂x∂y

∂2(δw)

∂x∂y
+(Ī22+l2 ˜̃Q44)

∂2w

∂y2

∂2(δw)

∂y2

+(2C12
11+Gpe)g(x, y)

∂2w

∂x2

∂2(δw)

∂x2
+2C12

12

(∂2w

∂x2

∂2(δw)

∂y2
+

∂2w

∂y2

∂2(δw)

∂x2

)

+(8C12
11+2Gpe)g(x, y)

∂2w

∂x∂y

∂2(δw)

∂x∂y
+(2C12

11+Gpe)g(x, y)
∂2w

∂y2

∂2(δw)

∂y2

−(−2Epgxx−2Epgyy)(δw)























































dxdy = 0.

The displacement w is assumed to be as following [52]:

(7.2) w(x, y) ≈
m

∑

i=1

n
∑

j=1

AijXi(x)Yj(y),

where Aij are unknown constants to be determined, Xi(x) and Yj(y) are coordi-
nate functions which should satisfy the mechanical boundary conditions of plate.
Thus for the simply support plate, Xi(x) and Yj(y) are chosen as [52]:

(7.3) Xi(x) = sin
iπx

a
, Yj(y) = sin

jπy

b
.

Substituting Eqs. (7.2) and (7.3) into Eq. (7.1), Eq. (7.1) can be reformulated
as:

(7.4) [R]{A} = {F}
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with

(7.5) R(ij)(kl) =

∫∫























(Ī11+l2 ˜̃Q55)
∂2Xi

∂x2
Yj

∂2Xk

∂x2
Yl+Ī12(

∂2Xi

∂x2
Yj

∂2Yl

∂y2
Xk+

∂2Yj

∂y2
Xi

∂2Xk

∂x2
Yl)

+(4Ī66+l2 ˜̃Q+
44l

2 ˜̃Q55)
∂Xi

∂x

∂Yj

∂y

∂Xk

∂x

∂Yl

∂y
+(Ī22+l2 ˜̃Q44)

∂2Yj

∂y2
Xi

∂2Yl

∂y2
Xk

+(2C12
11+Gpe)g(x, y)

∂2Xi

∂x2
Yj

∂2Xk

∂x2
Yl+2C12

12

“∂2Xi

∂x2
Yj

∂2Yl

∂y2
Xk+

∂2Yj

∂y2
Xi

∂2Xk

∂x2
Yl

”

+(8C12
11+2Gpe)g(x, y)

∂Xi

∂x

∂Yj

∂y

∂Xk

∂x

∂Yl

∂y
+(2C12

11+Gpe)g(x, y)
∂2Yj

∂y2
Xi

∂2Yl

∂y2
Xk























dxdy

and

(7.6) Fkl =

∫ ∫

(−2E1gxx − 2E1gyy)XkYldxdy.

By solving the linear algebraic Eq. (7.4), the unknown constants Aij are able
to be obtained. Substituting the results of Aij into Eq. (7.2), the deflection of
the composite laminated plate and piezoelectric elements can be determined.

8. Numerical validation and examples

8.1. Verification studies

So far, there is no open literature on the research of size-dependent static
bending of a cross-ply composite plate laminated with PZT actuators. In order
to verify the model proposed in this paper, a classical static bending of a cross-ply
laminated plate composed of carbon/epoxy with stacking sequence [0/90/90/0]
is firstly considered. The sizes of the composite laminated plate model: length
of the plate is a = 0.38 m, width is b = 0.3 m and thickness is h = 1.5876 mm.
As depicted in Fig. 2, a pair of PZT G-1195 actuators is symmetrically pasted
on the upper and lower surface of the composite plate, respectively. The top and
bottom actuators are subjected to voltages of +1 V and −1 V, respectively.

Table 1 and Table 2 list properties of carbon/epoxy and PZT G-1195, respec-
tively. The sizes of piezoelectric actuators are assumed to be 0.06 m × 0.04 m,
0.08 m×0.06 m and 0.10 m×0.08 m, respectively. The thickness of piezoelectric
actuator tpe is set to be 0.1h, 0.4h, 0.8h and h, respectively.

Table 3 lists the induced central deformation of this plate with three different
geometric dimensions and constant thickness (tpe = 0.1h) by using a finite ele-
ment code written in FORTRAN90 programming language at the Nanjing Uni-
versity of Aeronautics and Astronautics [53, 54], the Ritz method and ANSYS.
The comparison presented in Table 3 show that the results derived by the Ritz
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Table 1. Material properties of carbon/epoxy.

Longitudinal

modulus E1

Transverse
modulus E2

Shear
modulus G12

Shear
modulusG23

Poisson’s
ratio v12

Poisson’s
ratio v23

108 Gpa 10.3 Gpa 7.13 Gpa 4.02 Gpa 0.28 0.28

Table 2. Material properties of PZT G-1195.

Young’s
modulus Epe

Poisson’s
ratiovpe

densityρpe
Piezoelectric
constant d31

63 Gpa 0.3 7600 kg/m2 1.9 × 10−10 V/m

Table 3. Maximum deflection of the composite plate induced by the piezoelectric
actuators with three different sizes and constant thickness (tpe = 0.1h).

Size ANSYS FEM Ritz

0.06 m × 0.04 m 1.170 × 10−6 m 1.197 × 10−6 m 1.208 × 10−6 m

0.08 m × 0.06 m 2.050 × 10−6 m 2.076 × 10−6 m 2.087 × 10−6 m

0.10 m × 0.08 m 3.030 × 10−6 m 3.049 × 10−6 m 3.054 × 10−6 m

method matches well with those of the finite element method (FEM) [53, 54]
and ANSYS. This comparison also verifies the correctness of the household fi-
nite element code.

Table 4 lists the induced central deformation of this plate with four differ-
ent thicknesses and constant size (0.08 m × 0.06 m) of the equivalent bending
moment model proposed in Section 5 and refined model developed in Section 6.
By comparing the results obtained through FEM with outcome given by two
models presented in this paper, we can find the differences of two models are
negligible when the thickness of piezoelectric actuators is far less than that of
the composite laminated plate. And the bending moment model cannot describe
the deflection quite well if the thicknesses of piezoelectric actuator and compos-
ite laminated plates are close to each other. Hence, we only present the results
of the refined model in the following size-dependent analysis.

Table 4. Maximum deflection of the composite plate induced by the piezoelectric
actuators with four different thicknesses and constant size (0.08 m × 0.06 m).

tpe/h Bending moment model Refined model FEM

0.1 1.894 × 10−6 m 2.087 × 10−6 m 2.076 × 10−6 m

0.4 0.7095 × 10−6 m 0.8131 × 10−6 m 0.7888 × 10−6 m

0.8 0.3089 × 10−6 m 0.3783 × 10−6 m 0.3674 × 10−6 m

1 0.2244 × 10−6 m 0.2806 × 10−6 m 0.2734 × 10−6 m
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8.2. Numerical examples

After verification of the present size-dependent plate model, the size-depen-
dent static bending analysis of a simply supported laminated cross-ply plate is
illustrated. Consider a four-layer [0◦/90◦/90◦/0◦] laminated plate with the size
of length a = 380 µm, width b = 300 µm thickness h = 40 µm. The material
constants [55]: E2 = 6.98 GPa, E1 = 25E2, G12 = 0.5E2, v12 = v22 = 0.25,
vk
21 = Ek

2vk
12/Ek

1 . The top and bottom PZT actuators are subjected to voltages
of +1 V and −1 V, respectively.

For piezoelectric actuator, the material length scale parameter lpe is assumed
to be equal to the values of micro-material’s constants of composite laminated
plate (lpe = lkb = l) [36, 56].

Figure 3 shows the normalized transverse displacement in the line of y = b/2
and the line of x = a/2 of the composite laminated plate. Piezoelectric actuators,

a) y = b/2

b) x = a/2

Fig. 3. Variations of normalized transverse displacement of composite laminated plate, w/h,
for different material length scale parameters (80 × 60 µm, tpe/h = 0.1.



198 H. Wang, Z. Li, S. Zheng

Fig. 4. Effect of the dimensionless material length scale parameters on normalized maximum
deflection of composite laminated plate (tpe/h = 0.1).

a) y = b/2

b) x = a/2

Fig. 5. Variations of normalized transverse displacement of composite laminated plate, w/h,
for different sizes of piezoelectric actuators (l = h, tpe/h = 0.1).
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a) y = b/2

b) x = a/2

Fig. 6. Variations of normalized transverse displacement of composite laminated plate, w/h,
for different thicknesses of piezoelectric actuators (l = h, 80 × 60 µm).

with the dimension of 80×60 µm, pasted at the center of the aforementioned plate
symmetrically. Figure 4 illustrates the normalized maximum deflection variations
of composite laminated plate in terms of the dimensionless material length scale
parameters for different sizes of piezoelectric actuators (100×80 µm, 80×60µm,
60×40 µm) and constant thickness of piezoelectric actuators (tpe/h = 0.1). These
two figures demonstrate that the normalized maximum deflections decrease with
increasing MLSP. Furthermore, the closer the position is to the central area, the
larger the deflection, and the smaller the material length scale parameter, the
larger the increasing rate of the deflection. Figure 4 also shows the effect of l
on the decreasing rates of the normalized maximum deflections becomes more
significant when the size of the actuator is larger.

Numerical results demonstrate that the size-dependent deformations of the
composite micro-plate are smaller than classical ones (l/h = 0). This means
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the size effect should be considered as the size of the structure scales down to
micrometers. Apparently, the composite laminated plate stiffens as the material
length scale parameter increases.

Figure 5 presents the normalized transverse deflection in the line of y = b/2
and the line of x = a/2 of the composite laminated plate for constant thickness of
piezoelectric actuators, material length scale parameter (l = h, tpe/h = 0.1) and
different sizes of piezoelectric actuators (100× 80 µm, 80× 60 µm, 60× 40 µm).
Obviously, normalized transverse displacement increases with the increasing size
of an actuator.

Figure 6 plots the normalized transverse deflection in the line of y = b/2
and the line of x = a/2 of the composite laminated plate for constant size of
piezoelectric actuator (80× 60 µm) material length scale parameter (l = h) and
various thickness of piezoelectric actuator (tpe/h = 0.1, tpe/h = 0.4, tpe/h = 0.8,
tpe/h = 1.0). Figure 7 indicates the influence of the dimensionless thickness
of piezoelectric actuators on the normalized maximum deformation of compos-
ite laminated plate for different sizes of piezoelectric actuators (100 × 80 µm,
80 × 60 µm, 60 × 40 µm) and the constant material length scale parameter
(l = h). Figure 6 and Figure 7 show that the normalized maximum deflec-
tions increase with the decrease in an actuator thickness. This means that the
increase in the actuator thickness seems to have a greater impact on the bending
rigidity of the plate than it does on driving forces. Figure 7 also shows that the
decreasing rates of the normalized maximum deflections increase with increas-
ing actuator sizes. In addition, the lesser the actuator thickness, the faster the
decreasing rates of maximum deformations. The decreasing rates of normalized
maximum deformations have a descending trend with respect to an actuator
thickness and vice versa.

Fig. 7. Effect of the dimensionless thickness of piezoelectric actuators on normalized
maximum deflection of composite laminated plate (l = h).
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9. Discussion and conclusions

By using the RMCST, this paper presents a size-dependent analysis for the
transverse deformation of the cross-ply composite laminated plate bonded with
PZT actuators for the first time. Equal-amplitude voltages with an opposite
sign are acted to the top and bottom piezoelectric actuators. The Ritz approx-
imate solution of deflection indicates that the size-effect cannot be ignored in
micro-scale. Numerical examples illustrate that the size-dependent defection of
composite laminated plate are strongly dependent on the material length scale
parameter and the dimension of piezoelectric actuators. These discussions sug-
gest the following conclusions:

(1) For thinner piezoelectric actuators, the results of the model using equiv-
alent bending moments correlate well with those of the Ritz method. But when
the ratio of actuator thickness to host beam thickness becomes larger, the results
of the model using equivalent bending moments seem to be significantly lesser in
comparison with corresponding values computed by the Ritz method and FEA.

(2) The influence of MLSP on the decreasing rates of the normalized maxi-
mum deflections becomes more significant when the size of the actuator is larger.

(3) The lesser the actuator thickness, the faster the decreasing rates of nor-
malized maximum deformations. The decreasing rates of normalized maximum
deformations have a descending trend with respect to increasing actuator thick-
ness and an increasing trend with the increasing length and width of the PZT
actuator.

(4) Because of the difficulty of experiments at micro scale and time consuming
of MD (molecular dynamics) calibration [57], researchers generally study the
variations of size-dependent performances versus assumed material length scale
parameters. For piezoelectric based laminated structures, the material length
scale parameters of piezoelectric layer are usually assumed to be zero [58, 59] or
equal to that of substrate [35, 36, 56]. The approach of determining MLSP will
remain to be continued to improve authors’ future works.
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