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Transition in vortex wakes of flow around an elliptic cylinder
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Transition in the wake flow around an elliptic cylinder was numerically
investigated at Reynolds numbers (Re) ranging from 3 to 200. The cylinder axis ratio
(AR) varies from 0.125 to 8, while its angle of attack (AoA) was examined at 30◦,
60◦, and 90◦. Simulation results reveal the existence of eight flow patterns, such as at-
tached flow, steady symmetric vortex flow, steady asymmetric vortex flow, Kármán
vortex street, double-periodical vortex shedding, Kármán wake followed by steady
shear layers, Kármán wake followed by secondary wake, and chaotic flow. These flow
patterns are strongly influenced by Re, AR, and AoA. The double-periodical vor-
tex shedding wake contains two shedding frequencies. The spatial structure analysis
shows that both small and large instabilities exist significantly in this pattern, while
they are trivial in the Kármán wake. The Kármán wake followed by a secondary
wake is characterized by symmetric like-signed spatial structures near the cylinder
and distorted ones far downstream. Meanwhile, asymmetric spatial structures of var-
ious scales contribute most energy to a chaotic flow. Root mean square of the drag
coefficient is high when vortex shedding occurs for three AoA, and a notable value
is observed at AoA = 60◦. Moreover, fluctuation of the lift coefficient at AoA = 90◦ is
higher than those at AoA = 30◦ and 60◦.
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1. Introduction

Flow around solid obstacles has applications in engineering industries
such as heat exchangers, nuclear reactors, offshore structures, building blocks,
and airplanes [1]. A comprehensive understanding of the characteristics of this
flow is necessary in improving the design and controlling flow-related devices that
demand high-precision dynamics. The flow passing over a cylinder in the circle
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or square has been extensively studied for over a century [2] because it provides
a fundamental understanding of the characteristics of the dynamics of the fluid
flow around a solid obstacle. Lienhard [3] experimentally examined the vortex
wake pattern of the flow around a single circular cylinder and found that the
flow is unseparated steady at the Reynolds number (Re) < 5, steady vortex pair
at 5–15 < Re < 40, and the Kármán vortex street at 40 < Re < 200. The flow is
transitional at 200 < Re < 300 before turning into full turbulence at Re > 300.
Furthermore, Barkley and Henderson [4] discovered that when the Reynolds
number reaches a critical value of Re = 188, the two-dimensional flow becomes
linearly unstable to three-dimensional disturbances. Breuer et al. [5] numeri-
cally examined the flow around a square cylinder and reported that the steady
creeping flow without separating the boundary layers on the cylinder surface
exists at Re� 1. In contrast, the separation begins at the trailing edges of the
cylinder to form a steady vortex pair at Re < 5. As Re increases, the free shear
layers start to roll up to form vortices, leading to the generation of the Kármán
vortex street. At a still higher Re in the range from 100 to 150, the separation
occurs at the leading edges, and vortices are also generated on the upper and
lower sides of the square cylinder. Thus, it is apparent that the characteristics
of fluid dynamics are drastically influenced by cylinder geometry.

Flow around elliptic cylinders has also attracted much attention because it is
observed in engineering applications as well as nature. For example, the antennae
of seals and sea lions have elliptical cross-sections, which reduces flow-induced
vibrations and thus makes it difficult for predators to detect their movement tra-
jectory [6]. Elliptic cylinders have been widely used in industries where cooling
is required, and the space is limited because elliptic cylinders have lower flow
resistance and higher heat transfer than circular ones [7]. A theoretical inves-
tigation of a steady flow of a viscous fluid around an inclined elliptic cylinder
at very small Re was first carried out by Hasimoto [8] using the Oseen equa-
tions of motion. The fundamental solution for the stream function and formulas
of the drag and lift coefficients were derived. Kazuhito et al. [9] theoretically
examined steady flows surrounding an elliptic cylinder at Re < 1 and showed
that the Stokes flow is characterized by two singularities at two focuses of the
elliptic cylinder. At a higher Re, the streamline shows the presence of one or
two steady vortices after the flat plate, which is considered a special case of the
elliptic cylinder.

Johnson et al. [10] investigated the flow around a cylinder with its cross-
section from the circle, ellipse to flat plate perpendicular to the upstream flow
at 30 < Re < 200. The study pointed out the vortex pattern is changed from
the Kármán vortex street to a distinct state with the appearance of two special
vortex regions. The first region is characterized by two rows of Kármán vortices
shed from the ellipse and a steady flow in the middle downstream. The second
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region is identified by the secondary vortex street formed by a strong inter-
action of Kármán vortices due to the convective instability. This instability is
observed at high Re and low axis ratios (AR), and it only occurs for the flow
around an elliptic cylinder. Johnson et al. [11] found the secondary and tertiary
fluctuations in the region far from the cylinder by analyzing the spectrum of the
vertical velocity of flow at points on the horizontal axis downstream. The energy
of these frequencies is lower than that of the primary frequency near the cylinder.
As Re increases and AR decreases, the energy of frequencies at the far wake be-
comes more significant and equals that near the cylinder. This unsteadiness of
low frequency behind the flat plates is not because of the vortex interaction but
two-dimensional instability.

Dennis and Young [12] and Yoon et al. [13] investigated the steady flow
around an elliptic cylinder inclined to the horizontal axis with various angles of
attack α. The flow pattern is changed from the symmetric state with no separa-
tion of shear layers at α = 0◦ to the asymmetric one with the separation of the
shear layers to form one or two vortices. The flow then reaches a symmetric
state at α = 90◦ with the appearance of two vortices attached behind the cylin-
der. Moreover, for the steady asymmetric pattern, one vortex is attached to the
cylinder surface while the rest is not. Faruquee et al. [1] studied the influence
of AR of the elliptic cylinder on the formation of a pair of steady vortices. The
research showed that AR = 0.34 is the threshold value to switch the Stokes flow
into that composed of two steady vortices. Then, Paul et al. [14] generalized
threshold values of Re to convert the Stokes to the separation flows, the steady
to the unsteady flows, and the Strouhal number corresponding to these unsteady
flows. Shi et al. [2] numerically investigated the flow around an elliptic cylinder at
Re = 150 and found three flow patterns such as steady wake with AR < 0.37 and
α < 2.5◦, the Kármán wake followed by a steady wake with AR ≥ 0.37–0.67,
and the Kármán wake followed by a secondary wake with AR < 0.67 and
α > 52◦. For the secondary pattern, the Kármán vortex street is formed behind
the cylinder, and these Kármán vortices decay as moving downstream, result-
ing in the generation of two steady shear layers. For the third pattern, these two
steady shear layers roll up to form a secondary vortex street of a lower frequency.

Based on the literature reviewed above, it is seen that several research works
have been devoted to expanding the knowledge of the characteristics of the flow
around an elliptic cylinder. However, a comprehensive understanding of the vor-
tex wake of this flow has not been given. The above-mentioned research works
offered a sparseness of flow patterns with the narrow ranges of the Reynolds
number, the axis ratio, and the angle of attack of the elliptic cylinder. Hasi-
moto [8], Kazuhito et al. [9], Dennis and Young [12], Yoon et al. [13], and
Faruquee et al. [1] focused on the steady flow patterns rather than the unsteady
ones. Johnson et al. [10, 11] investigated the effects of the cylinder shape from
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the circle, ellipse to flat plate perpendicular to the upstream flow on the wake
pattern at 30 ≤ Re ≤ 200. However, the flow patterns behind a long elliptic
cylinder were not examined. Paul et al. [14] concentrated on the threshold val-
ues of Re for the transition between Stokes and separated flows, the steady and
unsteady flows. Meanwhile, the vortex wake structure of the flow far downstream
was not discussed. Shi et al. [2] studied the flow pattern around an elliptic cylin-
der at only Re of 150, while the important remaining range of Re for the laminar
flow was not considered. Hence, this study continues shedding some light on the
characteristics of the vortex wake pattern of the flow around an elliptic cylin-
der with large ranges of Re, AR, and angle of attack. We point out that some
novel flow patterns can exist at a certain Re, the axis ratio AR, and the angle of
attack of the cylinder α, such as double vortex shedding and chaotic flow. The
vortex wake behind an elliptic cylinder is classified into eight patterns based
on Re, AR, and the angle of attack. They are identified based on the character-
istics of the vortex shedding from the cylinder and the structure of the vortex
wake of the vorticity contour, streamlines, and energy spectrum of the lift coef-
ficient. The deterministic spatial structures of these patterns are analyzed using
the proper orthogonal decomposition technique. This analysis allows further in-
sight into the deterministic spatial structures of vortex wakes behind an elliptic
cylinder that previous studies have not clarified yet. We map flow patterns, drag
coefficient, vortex shedding frequency, and force fluctuation based on three flow
parameters (Re, AR, and the angle of attack). Therefore, the results of this study
provide a comprehensive understanding of the characteristics of flow around an
elliptic cylinder. The rest of the paper is organized as follows: the numerical
method and its validation are described in Section 2, the characteristics of the
vortex wake of the flow around an elliptic cylinder are discussed in Section 3,
and the conclusions are finally given in Section 4.

2. Numerical method

The continuity and momentum velocity-pressure Navier−Stokes equations
for the flow of an incompressible viscous fluid are written in the penalization
term to express the appearance of the solid body as

∇ · u = 0,(2.1)
∂u
∂t

+ (u · ∇)u = −1

ρ
∇p+ ν∇2u + g + λχs(us − u),(2.2)

where u(x , t) is the velocity field, x is the space coordinate, t is the time, ρ is
the fluid density, p is the pressure, ν is the kinematic viscosity, and g is the
gravitational acceleration, us stands for the solid velocity, λ is the penalization
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Fig. 1. (a) Configuration of solid and fluid domains; (b) Sketch of position and oblique
direction of an elliptic cylinder in the Cartesian coordinate system (Oxy) and rectangular

control volume (B1B2B3B4) used to compute the force components (Fx and Fy). The major
and minor axes of the elliptic cylinder are a and b, and the axis ratio is defined as AR = b/a.
The cylinder is placed at the angle of attack α-degree regarding the horizontal axis. D is the

characteristic length, and it is determined as the projection of the elliptic cylinder
on the y-axis.

parameter, and χ identifies the solid and fluid regions (χ(x ) = 0, 1 if x ∈ fluid
and solid domains, respectively, as shown in Fig. 1(a)). Equation (2.2) can be
expressed in the vorticity-velocity form by applying the curl operation on both
its sides as

(2.3)
∂ω

∂t
+ (u · ∇)ω = ν∇2ω + (ω · ∇)u +∇×

(
λχs(us − u)

)
,

where the vorticity is defined as ω = ∇×u . The vortex particle method describes
the fluid motion using the Lagrangian reference frame and computes the flow
momentum using the Eulerian transport equation. The fluid is discretized into
the vortex particles in the Lagrangian specification, which move at the local
flow velocity and transport the flow momentum in vorticity. The momentum
equation, Eq. (2.3), can be written in the Lagrangian reference frame of the
vortex particles p transporting their vorticity field ω(x p) as

dx p
dt

= u(x p),(2.4)

dω(x p)
dt

= ν∇2ω(x p) +
(
ω(x p) · ∇

)
u(x p)(2.5)

+∇× [λχs(us(x p)− u(x p))].

The velocity field in Eqs. (2.4) and (2.5) can be decomposed into irrotational
and rotational vector fields by using the Helmholtz theorem as

(2.6) u = ∇φ+∇×ψ,
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where the vector ψ and scalar φ potentials of the velocity field are computed
through solving the Poisson and Laplace equations as

∇2ψ = −ω,(2.7)

∇2φ = 0.(2.8)

These equations are derived by taking the curl and divergence operations on
both sides of Eq. (2.6). The vortex particles are initially settled on the regular
grid nodes, and the change in their vorticity ω(x p) is estimated using Eq. (2.5).
These particles move to the Lagrangian locations (x p) due to their convection
(Eq. (2.4)). They are then redistributed onto the initial mesh with their vorticity
interpolated from that at the Lagrangian location x p as

(2.9) ω(x q) =

np∑
p

ω(x p)W
(
xq − xp

∆x

)
W
(yq − yp

∆y

)
,

where x q = (xq, yq) is the grid location, and x p = (xp, yp) is the Lagrangian
location, ∆x and ∆y are grid cell sizes in the x and y directions, np is the vor-
tex particle number, and the third-order accuracy kernel-interpolation function
W (x) [15] is expressed as

W (x) =


1− 2.5|x|2 + 1.5|x|3 if |x| ≤ 1,

0.5(2− |x|)2(1− |x|) if 1 < |x| ≤ 2,

0 if |x| > 2.

(2.10)

The W (x) conserves the following flow momentum [16],

M0 =

∫
Ω

ω dΩ, M1 =
1

2

∫
Ω

x × ω dΩ, M2 =
1

3

∫
Ω

x × (x × ω) dΩ.

Given an elliptic cylinder immersed in a fluid flow as shown in Fig. 1(b),
the drag (Cd) and lift (Cl) coefficients of the flow acting on the cylinder are
expressed as Cd = 2Fx/ρDU2

∞ and Cl = 2Fy/ρDU2
∞. The force components

Fx and Fy are derived from the control volume formula of Noca et al. [17] and
further expressed in the previous research work [18].

The convergence study and the validation of the current numerical method
are carried out using benchmark simulations of the flow around a single circu-
lar cylinder at Re of 100 and 200. The computational domain (−7D, 68D) ×
(−7.5D, 7.5D) is discretized into cubic grid cells. The non-dimensional time step
(∆t∗ = U∞t/D) is set as 0.0025. Table 1 shows the convergence of simulation
results of the flow around a cylinder at Re = 200 using four grid resolutions.
It is transparent that Cda and St are convergent with the decrease in the grid
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cell size, while this is not observed for Clm at ∆x = 0.02D, 0.015D, and 0.01D.
However, this aspect can be acceptable because the amplitude of the lift force
oscillation fluctuates slightly around the expected value at the finest grid reso-
lution (∆x = 0.01D). This indicates the consistency of the numerical method
developed to simulate the laminar flow around a solid body.

Table 1. A convergence study: The time-averaged drag coefficient (Cda) and maximal lift
coefficient (Clm) and Strouhal number (St) of the vortex shedding of the flow over a single

circular cylinder at Re = 200 obtained using four grid resolutions.

∆x = ∆y 0.025D 0.02D 0.015D 0.01D

Cda 1.458 1.436 1.409 1.375
Clm ±0.75 ±0.89 ±0.875 ±0.874

St 0.185 0.19 0.19 0.195

Table 2 shows a comparison of the present simulation results of Cda, Clm,
and St of the flow around a circular cylinder at Re of 100 and 200 with the ex-
isting results. At Re = 100, Cda obtained by the present simulation has a slight
difference from the simulation results provided by Mimeau et al. [24]. How-
ever, it agrees well with the simulation results given by Sharman et al. [19],
Ding et al. [20], Choi et al. [21], Harichandan and Roy [22], Supradeepan
and Roy [23], Duong et al. [25] and Firdaus et al. [26]. Although the Clm
gained by the present simulation is higher than those by Harichandan and
Roy [22], Supradeepan and Roy [23], and Dung et al. [25], it matches well
with the rest of the research works [20, 21, 24, 26]. The St at this Re compares
favorably to existing simulation results. Similarly, Cda, Clm, and St at Re = 200

Table 2. A comparison of the time-averaged drag coefficient (Cda), the maximal lift
coefficient (Clm), and the Strouhal number (St) of the vortex shedding of the flow around

a single circular cylinder at Re of 100 and 200.

Authors
Re = 100 Re = 200

Cda Clm St Cda Clm St

Present authors 1.365±0.01 0±0.33 0.16 1.375±0.06 0±0.874 0.195
Sharman et al. [19] 1.330±0.0064 0±0.230 0.164 – – –
Ding et al. [20] 1.356±0.010 0±0.287 0.166 1.348±0.050 0±0.659 0.196
Choi et al. [21] 1.340±0.011 0±0.315 0.164 1.360±0.048 0±0.640 0.191
Harichandan and Roy [22] 1.350±0.010 0±0.278 0.161 1.32±0.05 0±0.602 0.192
Supradeepan and Roy [23] 1.36±0.01 0±0.275 0.161 1.42±0.05 0±0.652 0.198
Mimeau et al. [24] 1.4±0.01 0±0.32 0.165 1.44±0.05 0±0.75 0.2
Dung et al. [25] 1.335 0±0.221 0.168 1.325 0±0.475 0.201
Firdaus et al. [26] 1.351 0±0.351 0.172 1.367 0±0.734 0.208
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by the present simulation correlate well with the existing literature results. Thus,
the present numerical method can well capture the characteristics of laminar flow
around a bluff solid body.

3. Wake pattern of the flow around an elliptic cylinder

This section sheds some light on the characteristics of the laminar flow around
an elliptic cylinder at Re ranging from 3 to 200. The effects of the elliptic cylin-
der’s axis ratio (AR) and its angle of attack (α) regarding the horizontal axis,
as sketched in Fig. 1(b), on the wake pattern are also clarified. AR varies from
0.125 to 8, while α is investigated at 30◦, 60◦, and 90◦.

3.1. Steady flows

Figure 2 shows streamlines of the flow around an elliptic cylinder with its AR
ranging from 0.125 to 8 at α = 30◦, 60◦ and 90◦ at Re = 3. It is observed that

Fig. 2. Streamlines of the flow around an elliptic cylinder at α = 30◦, 60◦ and 90◦ at Re = 3
with its (a) AR = 0.125, b AR = 0.25, (c) AR = 0.5, (d) AR = 1, (e) AR = 2, (f) AR = 4,

and (g) AR = 8.
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except for the cases of AR = 4 and 8 with α = 90◦, the steady shear layers of
the flow attach to the cylinder surface, and the separation does not occur. This
pattern is named attached flow. The flow streamlines attach to the body surface
more favorably at a lower α and/or a lower AR.

For AR = 4 and 8 with α = 90◦, as shown in the third column of Figs. 2(f)
and 2(g), a steady symmetric vortex pair flow is observed. The boundary lay-
ers are generated on the cylinder surface and separate from both sides at cer-
tain points. They then roll up to form a counting-rotating vortex pair behind
the cylinder. This vortex pair does not lose its stability due to a weak flow
at this Re, and its position remains unchanged for the whole time evolution.
The size of the vortex pair grows as AR increases. This is explained by the fact
that the recirculation zone behind the cylinder at a higher AR is larger than
at a lower AR. Therefore, the vortices behind the cylinder develop in greater
size at a higher AR. Moreover, we also investigated the wake pattern of the flow
around the elliptic cylinder at AR = 4 and 8 with α = 90◦ at a lower Re and
found that the ‘attacked flow’ occurs at Re = 2.

Figure 3 expresses the time evolution of Cd of the attached flow and the
steady symmetric vortex pair flow exerted on the cylinder at Re = 3. Note that

(a) Various AR (b) AR = 2

(c) AR = 4 (d) AR = 8

Fig. 3. Time evolution of Cd of the flow exerted on an elliptic cylinder at (a) Re = 3 with
various axis ratios, (b) AR = 2, (c) AR = 4, and (d) AR = 8.
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the fluid force of the flow acting on the cylinder can be decomposed into skin
friction and pressure components. The first component, expressing the effects of
the fluid viscosity, plays a dominant role at a low Re, while the second recovers
its importance as Re increases. Due to steady flows, Cd does not fluctuate and
remains unchanged after the early stage of the flow. Cd drastically decreases
as AR increases from 0.125 to 1, as observed in Fig. 3(a). This is explained by
the fact that the surface area of the cylinder immersed in the fluid is greater at
a lower AR, leading to higher skin friction drag. Cd slightly reduces as AR varies
from 1 to 8 due to a trivial change in the wetted area of the elliptic cylinder.
At AR = 2, as shown in Fig. 3(b), Cd at α = 60◦ and 90◦ is slightly lower than
that of the flow around a circular cylinder (AR = 1). Cd at α = 30◦ drastically
reduces because the streamlines of flow have smoother paths surrounding the
solid body; hence, the resistance to flow is lower. At AR = 4 and 8, as seen in
Fig. 3(c) and Fig. 3(d), Cd at α = 90◦ slightly decreases compared to that at
AR = 1, while a significant reduction is observed at α = 30◦ and 60◦.

(a) α = 30◦

(b) α = 60◦ (c) Cl

Fig. 4. Streamlines of the flow around an elliptic cylinder with AR = 8 at Re = 10:
(a) α = 30◦, (b) α = 60◦, (c) the lift coefficients of the flow exerted on the cylinder at these α.

Figure 4 depicts the instantaneous streamline and the temporal evolution of
the lift coefficient of flow exerted on an elliptic cylinder with AR = 8 at α = 30◦

and 60◦ at Re = 10. The flow is steady at this Re for both α, as demonstrated in
the plots of Cl in Fig. 4(c). The attached flow appears at α = 30◦, while a steady
vortex is generated behind the cylinder at α = 60◦. This flow pattern is named
steady asymmetric vortex flow.

3.2. Double-periodical vortex shedding

Figure 5 shows streamlines of the flow around an elliptic cylinder at Re = 40.
The attached flow takes place at AR = 0.125, as seen in Fig. 5(a), while the
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steady symmetric vortex pair flow is observed at AR = 0.25, 0.5, 1 and AR = 2,
4, 8 with α = 90◦, as manifested in Figs. 5(b–g).

For AR = 2, 4, and 8 with α = 30◦, as shown in the first column of Fig. 5,
the vortices are alternately equally shed from one side to another of the elliptic
cylinder and form a Kármán vortex street downstream, as further evidenced
in plots of vorticity contours shown in Figs. 6(a), 6(c) and 6(e). This flow is
switched from the steady symmetric vortex pair flow. The Re for this pattern
is higher than that of the steady symmetric vortex pair flow.

(a) AR = 0.125

(b) AR = 0.25 (c) AR = 0.5 (d) AR = 1

(e) AR = 2

(f) AR = 4

(g) AR = 8

Fig. 5. Streamlines of the flow around an elliptic cylinder with its various AR and α at
Re = 40: (a) AR = 0.125, (b) AR = 0.25, (c) AR = 0.5, (d) AR = 1, (e) AR = 2, (f) AR = 4,

and (g) AR = 8.

For AR = 2, 4, and 8 with α = 60◦, as shown in the second column of
Fig. 5, the vortices are also shed from both sides of the cylinder. The vortex
wake is similar to that of a Kármán vortex street, as seen in Figs. 6(b), 6(d)
and 6(f). However, the frequency of the vortex shedding from two sides of the
elliptic cylinder differs, compared to the Kármán vortex shedding. Two periodical
vortex sheddings are formed, as given later evidence; therefore, this pattern is
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Fig. 6. Instantaneous distribution of the vorticity of the flow around an elliptic cylinder with
its various AR and α at Re = 40: (a) AR = 2 & α = 30◦, (b) AR = 2 & α = 60◦, (c) AR = 4

& α = 30◦, (d) AR = 4 & α = 60◦, (e) AR = 8 & α = 30◦, and (f) AR = 8 & α = 60◦.

named double-periodical vortex shedding. This flow pattern is for the first time
reported in this research. This flow pattern is only observed at high AR of 2, 4,
and 8 at α = 60◦, and it does not take place at AR ≤ 1.

Figure 7 exhibits the time evolution of Cd of the attached flow and the steady
symmetric vortex pair flow exerted on an elliptic cylinder with its various AR at
Re = 40. As AR increases from 0.125 to 0.5, Cd significantly decreases because
of a remarkable reduction in the skin friction force. The behavior of Cd at this
Re is similar to that at Re = 3. However, the intensity of the change at this Re
is lower than that at Re = 3. This is because the effects of the viscous force
decrease while the pressure component increases at a higher Re. Cd gradually
increases when AR rises from 0.5 to 8. This can be explained by the fact that at
a higher AR, the region of the reserve flow is larger, leading to a greater gradient
of pressure on the front and back surfaces of the cylinder.

Fig. 7. Time evolution of Cd of the ‘attached flow’ and the ‘steady symmetric vortex pair
flow’ exerted on an elliptic cylinder with its various AR at Re = 40.
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Figures 8(a) and 8(b) describe the time evolution of Cd and Cl of the Kármán
vortex street flow acting on an elliptic cylinder with its various AR of 2, 4 and 8
at α = 30◦ at Re = 40. They periodically fluctuate with time, and the maximal
oscillation amplitude belongs to the case with AR = 2, followed by AR = 4
and 8. This is explained by the fact that the vortices generated behind the
cylinder at AR = 2 are more robust than AR = 4 and 8, as seen in plots
of streamlines shown in Figs. 5(e) and 5(f), resulting in a greater flow impact
on the cylinder.

Figures 8(c) and 8(d) show the time evolution of Cd and Cl of the flow exerted
on an elliptic cylinder with its AR of 2, 4, and 8 at α = 60◦ at Re = 40. The
behavior of Cd and Cl in this pattern is different from that of the Kármán vortex
street one. We used the case of AR = 8 and α = 60◦ to represent others with the
same flow characteristics and analyzed the frequency of Cl. The Strouhal number
of vortex shedding at the upper and lower separation points are respectively
measured as 0.11 and 0.12. The vortex shedding at the lower edge takes place
more slowly than from the upper one. This is explained by the fact that the

Cd for AR = 2, 4 and 8 at α = 30◦ Cl for AR = 2, 4 and 8 at α = 30◦

Cd for AR = 2, 4 and 8 at α = 60◦ Cl for AR = 2, 4 and 8 at α = 60◦

Fig. 8. Time evolution of Cd and Cl of the flow exerted on an elliptic cylinder with its
various AR at α = 30◦ and 60◦ at Re = 40.
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recirculation region near the lower separation point is larger than the upper one.
The time of vortex development near the lower separation point lasts longer than
that near the upper one.

3.3. Kármán wake followed by steady shear layers

Figure 9 shows the instantaneous distribution of the vorticity field of the
flow around an elliptic cylinder with its various AR at α = 30◦, 60◦ and 90◦ and
Re = 65. The attached flow still takes place at AR = 0.125, while the steady sym-
metric vortex pair flow is observed at AR = 0.25 and 0.5. The plots of streamlines
for these simulation cases, as presented in Figs. 10(a), 10(e) and 10(f), further
demonstrate these flow patterns. For the simulation cases with AR = 1, AR = 2
(α = 30◦, 60◦ and 90◦), AR = 4 (α = 30◦ and 60◦), AR = 8 (α = 30◦ and 60◦),
the Kármán vortex street is formed behind the elliptic cylinder.

For AR = 4 and 8 with their α = 90◦, as seen in the third column of
Figs. 9(f) and 9(g), the Kármán vortices are observed behind the cylinder; how-
ever, these vortices rapidly decay as moving far from the cylinder. The merging
of these vortices forms two steady shear layers. Therefore, this flow pattern is
named Kármán wake followed by steady shear layers.

Fig. 9. Instantaneous distribution of the vorticity field of the flow around an elliptic cylinder
with its various AR and α at Re = 65: (a) AR = 0.125, (b) AR = 0.25, (c) AR = 0.5,

(d) AR = 1, (e) AR = 2, (f) AR = 4, and (g) AR = 8.
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Fig. 10. Instantaneous distribution of the vorticity field of the flow around an elliptic
cylinder with its various AR and Re: (a) AR = 0.125 and Re = 65, (b) AR = 0.125 and

Re = 100, (c) AR = 0.125 and Re = 150, (d) AR = 0.125 and Re = 200, (e) AR = 0.25 and
Re = 65, (f) AR = 0.5 and Re = 65, and (g) AR = 0.25 and Re = 100.

Figure 11 describes the time evolution of Cd of the flow acting on an elliptic
cylinder at Re = 65. For AR = 0.125, 0.25, and 0.5, the flow is steady, and
Cd approaches a constant value after a short early stage of the flow, as shown
in Fig. 11(a). This drag coefficient reduces as AR increases due to a decrease in
the skin friction force. For AR = 1, the Kármán vortex street occurs; therefore,
Cd fluctuates periodically, and its time-averaged value is higher than those at
AR = 0.125, 0.25, and 0.5. For AR = 2, 4, and 8, as shown in Figs. 11(b–d),
Cd also fluctuates periodically. This demonstrates that the Kármán vortex street
or Kármán wake followed by steady shear layers are features of these flows. The
fluctuation amplitudes of Cds at these AR are higher than that at AR = 1, and
the vortex shedding occurs more strongly.

At α = 30◦, as shown in Fig. 11(b), the time-averaged value of Cd signifi-
cantly increases as the axis ratio increases from AR = 2 to 8. This is because of an
increase in the gradient of the forward and reverse pressures from the front
and back surfaces of the cylinder, as previously discussed. At a higher AR, the
region for reverse pressure is larger, so the pressure gradient between the front
and back surfaces is greater. Cds at AR = 2, 4, and 8 are lower than that at
AR = 1 because the fluid flow surrounding the cylinder at α = 30◦ is smoother
than that at AR = 1. At α = 60◦, as shown in Fig. 11(c), the fluctuation in-
tensity of Cd is strong at AR = 4 and 8, followed by that at AR = 2. The
Kármán vortices are robustly formed at this angle of attack, leading to their
conservation far downstream. At α = 90◦, as shown in Fig. 11(d), an increase in
Cd from AR = 2 to 8 is also observed, and Cds at these AR are higher than at
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(a) (b)

(c) (d)

Fig. 11. Time evolution of Cd of the flow exerted on an elliptic cylinder with its various AR
and α at Re = 65: (a) AR = 0.125, 0.25, 0.5, and 1, (b) AR = 2, 4, and 8 at α = 30◦,

(c) AR = 2, 4, and 8 at α = 60◦, and (d) AR = 2, 4, and 8 at α = 90◦.

AR = 1. This indicates that the resistance to the flow by a solid body as a flat
plate perpendicular to the flow is higher than that around a circular cylinder.

3.4. Kármán wake followed by a secondary wake

Figure 12 shows an instantaneous distribution of the vorticity field of the flow
around an elliptic cylinder at Re = 100. The steady symmetric vortex pair
flow takes place at AR = 0.125 and 0.25, as further proved using plots of stream-
lines in Figs. 10(b) and 10(g). The Kármán vortex street is formed downstream for
the cases of AR = 0.5, 1, and AR = 2, 4, and 8 with their α = 30◦, as seen in the
first column in Figs. 12(d–g). For AR = 2 with α = 60◦, 90◦, the Kármán wake fol-
lowed by steady shear layers is observed. ForAR = 4, 8 withα = 60◦, 90◦, as shown
in the second and third columns in Figs. 12(f, g), the Kármán vortices are formed,
and these vortices also merge to generate two steady shear layers in the middle
region downstream. Due to convective instability, these shear layers roll up to
form larger-scale counter-rotating vortices, resulting in a secondary wake. Hence,
this flow pattern is named Kármán wake followed by the secondary wake.
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Fig. 12. Instantaneous distribution of the vorticity field of the flow around an elliptic
cylinder with its various axis ratios (AR) and angles of attack (α) at Re = 100:

(a) AR = 0.125, (b) AR = 0.25, (c) AR = 0.5, (d) AR = 1, (e) AR = 2, (f) AR = 4, and
(g) AR = 8.

Figure 13 shows the time evolution of the drag coefficient (Cd) of the flow
acting on an elliptic cylinder at Re = 100. For the axis ratio (AR) of 0.125 and
0.25, the steady symmetric vortex pair flow takes place; therefore, Cd remains
unchanged. Moreover, Cd at AR = 0.125 is lower than that at AR = 0.25
due to a change in the viscous force component. For AR = 0.5 and 1, the
vortex shedding happens, Cd fluctuates periodically, and its time-averaged value
significantly increases, as shown in Fig. 13(a). This feature is the same as that at
Re = 65. For AR = 2, 4, and 8 at α = 30◦, as shown in Fig. 13(b), the Kármán
vortex street is formed, and Cd at these AR drastically decreases, as compared
to that at AR = 1, due to smoother streamlines of the flow surrounding the solid
body. Cd slightly increases as AR rises from 2 to 8. For AR = 2, 4, and 8 at
α = 60◦, as indicated in Fig. 13(c), the wake pattern is Kármán wake followed
by secondary wake. The maximal Cd belongs to that with AR = 2, followed by
those at AR = 8 and 4. Compared to the circular cylinder, Cd at AR = 2 and
α = 60◦ is even higher. This indicates that the cylinder strongly resists the flow
at this AR. Moreover, the fluctuation intensity of Cd at α = 60◦ with AR = 4
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(a) (b)

(c) (d)

Fig. 13. Time evolution of drag coefficient (Cd) of the flow exerted on an elliptic cylinder
with its various axis ratios (AR) and angles of attack (α) at Re = 100: (a) AR = 0.125, 0.25,

0.5 and 1, (b) AR = 2, 4 and 8 at α = 30◦, (c) AR = 2, 4 and 8 at α = 60◦,
and (d) AR = 2, 4 and 8 at α = 90◦.

and 8 is higher than that in other cases at this Re. For AR = 2, 4, and 8 at
α = 90◦, as shown in Fig. 13(d), Cds at these AR are higher than at AR = 1,
and they significantly fluctuate.

3.5. Chaotic flow

Figure 14 shows an instantaneous distribution of the vorticity field of the flow
around an elliptic cylinder at Re = 150. The steady symmetric vortex pair flow is
observed at the axis ratio of AR = 0.125, as further clarified in plots of streamline
shown in Fig. 10(c). The Kármán vortex street is formed behind the cylinder at
AR = 0.25, 0.5, 1 and AR = 2, 4, 8 with α = 30◦. For AR = 2 with α = 60◦, as
seen in Fig. 14(e), the Kármán wake followed by secondary wake takes place. For
the rest cases, AR = 2 with α = 90◦, AR = 4, 8 with α = 60◦, 90◦, the chaotic
flow is observed. In this flow pattern, the vortices are shed from both sides of the
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Fig. 14. Instantaneous distribution of the vorticity field of the flow around an elliptic
cylinder with its various axis ratios (AR) and α at Re = 150: (a) AR = 0.125, (b) AR = 0.25,

(c) AR = 0.5, (d) AR = 1, (e) AR = 2, (f) AR = 4, and (g) AR = 8.

cylinder and form a Kármán vortex street. However, this vortex street is rapidly
distorted. Downstream, the counter-rotating vortices are paired, and they do not
distribute in an orderly manner.

Figure 15 describes the time evolution of the drag coefficient (Cd) of the
flow acting on an elliptic cylinder at Re = 150. For AR = 0.125, as seen in
Fig. 15(a), Cd is constant with time because of steady symmetric vortex pair
flow. For AR = 0.25, 0.5, and 1, Cd starts to fluctuate periodically at t∗ = 200
for AR = 1, t∗ = 250 for AR = 0.5, and t∗ = 600 for AR = 0.25 due to the
appearance of the Kármán vortex street. It is clear that the flow is more stable
and the fluctuation amplitude of Cd is lower at a lower AR.

For AR = 2, 4, and 8 with α = 30◦, as seen in Fig. 15(b), the Kármán vortex
street is also observed behind the cylinder, and the periodical vortex shedding
occurs in the early stage of the flow. Cd is also less than that at AR = 1; however,
its oscillation amplitude significantly increases. For AR = 2 with α = 60◦, as
seen in Fig. 15(c), the flow pattern is Kármán wake followed by secondary wake,
Cd fluctuates periodically, and its time-averaged value is greater than that at
AR = 1.
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(a) (b)

(c) (d)

Fig. 15. Time evolution of the drag coefficient (Cd) of the flow exerted on an elliptic
cylinder with its various axis ratios (AR) and α at Re = 150: (a) AR = 0.125, 0.25,

0.5, and 1, (b) AR = 2, 4, and 8 at α = 30◦, (c) AR = 2, 4, and 8 at α = 60◦,
(d) AR = 2, 4, and 8 at α = 90◦.

For AR = 4 and 8 with α = 60◦ and AR = 2, 4, 8 with α = 90◦, as seen in
Figs. 15(c) and 15(d), the chaotic flow is observed; Cd strongly fluctuates and
is in nearly periodical behavior.

3.6. Flow characteristics

Figure 16 shows transition in the vortex wakes of the flow around an ellip-
tic cylinder with various axis ratios (AR) at the angles of attack α = 30◦, 60◦

and 90◦ and Re from 2 to 200. As Re, AR, and α vary, eight flow patterns, such
as attached flow, steady symmetric vortex pair flow, steady asymmetric vortex
flow, double-periodical vortex shedding, Kármán vortex street, Kármán wake
followed by steady shear layers, Kármán wake followed by secondary wake, and
chaotic flow, can take place. These flow patterns can be classified into steady flow
composed of attached flow, steady symmetric vortex pair flow, and steady asym-
metric vortex flow, and unsteady flow composed of Kármán vortex street, double-
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Fig. 16. Wake patterns of the flow around an elliptic cylinder at its angles of attack of
α = 30◦, 60◦ and 90◦, where pattern A is attached flow, pattern B is steady symmetric vortex
pair flow, pattern C is steady asymmetric vortex flow, pattern D is Kármán vortex street,

pattern E is double-periodical vortex shedding, pattern F is Kármán wake followed by steady
shear layers, pattern G is Kármán wake followed by secondary wake, and pattern H is chaotic

flow. The transition of these flow patterns is identified using contours of
f(x, y) =

∑i=Np

i=1 (||ωup
z | − |ωdown

z ||) computed using the vorticity flow surrounding
the cylinder.

periodical vortex shedding, Kármán wake followed by steady shear layers, Kár-
mán wake followed by secondary wake, and chaotic flow. Based on vortex shed-
ding from the cylinder, the unsteady flows are characterized by two modes. The
first mode, as observed in Kármán vortex street, double-periodical vortex shed-
ding, Kármán wake followed by steady shear layers, is featured by the periodical
oscillation of the lift coefficient Cl, while for the second one (chaotic flow), Cl has
a quasi-periodical fluctuation.

At α = 90◦, the attached flow is found at low Re for all axis ratios (AR).
When AR decreases, the streamline is smoother, the flow is more stable, and this
flow pattern can take place at a higher Re, as seen at Re = 65 for AR = 0.125.
Similarly, the region of steady symmetric vortex pair flow is observed at a high Re
or/and a low AR. For this investigated Re range, the Kármán vortex street is
observed at 0.25 ≤ AR ≤ 2 at Re ≥ 65. The Kármán wake followed by secondary
wake takes place at 65 ≤ Re ≤ 100 and AR ≥ 2. Meanwhile, the chaotic flow
occurs at high AR ≥ 2 and Re ≥ 150. In particular, the double-periodical vortex
shedding is not observed at this AoA.

At α = 30◦ and 60◦, the attached flow is only observed at Re from 2 to 5. From
Re ≥ 40, the flow is unsteady, and its wake pattern can be Kármán vortex street
or Kármán wake followed by the secondary wake. The flow at α = 30◦ is more
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stable than that at α = 60◦. The Kármán vortex street pattern can be observed
at Re until 150 before turning into the chaotic flow. The Kármán wake followed
by the secondary wake happens at α = 60◦, while it is not found at α = 30◦. The
steady symmetric vortex pair cannot occur at these angles of attack. However,
it is predicted that the steady flow with a single or two vortices attached behind
the cylinder occurs at Re from 5 to 40. Furthermore, the contours of the f(x, y)
defined in the caption of Fig. 16 were used to determine the flow pattern regions.
The blue and light-blue regions of the map indicate the steady flow mode, the red
zone represents the quasi-periodic flow mode, and the rest of the map represents
the periodic flow mode. These modes transition through a jump of f(x, y).

Figure 17 shows the spatial structures of the flow wake around an elliptic
cylinder using plots of modes generated by the proper orthogonal decomposition
of the vorticity fluctuation. For the simulation case of Re = 40 and AR = 0.5, the
steady symmetric vortex pair flow pattern is observed. The first three mode pairs
play the most crucial roles in the partial structures of this wake. These mode pairs
contribute 95% of the flow energy, in which the first mode pair (modes 1 and 2)
occupies 70%, while the second (modes 3 and 4) and third (modes 5 and 6) pairs
hold 18% and 7%, respectively. These modes are composed of the horizontal-
axis-symmetrical opposite-signed pairs of the spatial deterministic structures.
Besides, three spatially opposite-signed structure pairs represent the appearance
of small and large vortex pairs behind the cylinder.

For the case of Re = 40, AR = 8, and AoA = 60◦, the double periodical
vortex shedding pattern occurs, where the vortex wake behind the cylinder is
similar to the Kármán vortex street. However, two vortex shedding frequencies
are observed at this flow pattern. The first three mode pairs contribute 76% of
the flow energy, in which the first mode pair carries out 35%, while the sec-
ond and third mode pairs stand for 29% and 7%, respectively. The first mode
pair (modes 1 and 2) shows the horizontal-axis-symmetrical like-signed spatial
structures in the region near the cylinder. These spatial structures correspond to
the Kármán vortices. However, these structures transition in the middle region
downstream, and they are nearly switched to the horizontal-axis-symmetrical
opposite-signed one far from the cylinder to represent small-scale instability in-
side the flow. The second mode pair (modes 3 and 4) with larger-scale spatial
structures is symmetrical in the same sign with respect to the horizontal axis in
the region far from the cylinder. The third mode pair indicates the existence of
large-scale instability inside the flow.

For the case of Re = 65, AR = 8, and AoA = 90◦, the Kármán wake followed
by steady shear layers appears behind the cylinder. The first three mode pairs
correspond to 97% of the flow energy, and the remaining energy is distributed
among higher-order modes. The spatial structures near the cylinder are similar
to those at Re = 40, AR = 8, and AoA = 60◦, corresponding to the Kármán
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Fig. 17. The POD results for flow patterns. The top plots are the time-averaged vorticity
contour ω∗z . The reminder plots are spatial structures of fluctuating vorticity (ω′z) of POD
modes. The contours of POD modes’ fluctuating vorticity are represented by the color bar.
Steady symmetric vortex pair flow (Re = 40, AR = 0.5); double-periodical vortex shedding
(Re = 40, AR = 8, AoA = 60◦); Kármán wake followed by steady shear layers (Re = 65,

AR = 8, AoA = 90◦); Kármán vortex street (Re = 100, AR = 0.5); Kármán wake followed by
a secondary wake (Re = 100, AR = 8, AoA = 90◦); and chaotic flow (Re = 200, AR = 8,

AoA = 90◦).



556 V. L. Nguyen, V. D. Duong, L. H. Duong

vortices. Moreover, these spatial structures lose their symmetry in the region far
from the cylinder due to the deformation of vortices. The second mode pair shows
the large spatial structures of the flow far downstream. These structures are in
the same sign symmetric with respect to the horizontal axis due to the decay
of vortices and their merging into larger-scale shear layers. The third mode pair
contributes slightly to the total energy of flow, and its asymmetry is explained
as a result of instability inside the flow.

At Re = 100 and AR = 0.5, the first mode pair of spatial structures corre-
sponds to 97% of the flow energy, characterized by symmetric spatial determinis-
tic structures with the same sign across the horizontal axis. These structures are
associated with the Kármán vortices and play a crucial role in the flow pattern.
The second mode pair exhibits spatial structures that are symmetric with re-
spect to the horizontal axis but in the opposite direction. This mode pair signifies
a slight flow instability.

The Kármán wake followed by a secondary wake takes place at Re = 100,
AR = 8, and AoA = 90◦. The first three mode pairs present 63% of the flow en-
ergy, in which the first mode pair corresponds to 27% while the second and third
mode pairs lay on 21% and 15%, respectively. The first mode pair shows the
distortion of the horizontal-axis-symmetrical like-signed spatial structure pairs,
which represents the distorted Kármán vortex wake in the middle domain. Mean-
while, the second mode pair expresses the large-scale vortex structures far down-
stream, formed due to convection instability and the formation of the secondary
vortex street. The third mode pair with the same-signed spatial structures sym-
metric with respect to the horizontal axis indicates the Kármán vortices near
the cylinder.

At Re = 200, AR = 8 and AoA = 90◦, the chaotic flow takes place. The
first three mode pairs contribute 55% of the flow energy, in which the first and
third mode pairs characterize the chaotic flow structures. The spatial structures
in the first and third mode pairs are not symmetric concerning the horizontal
line. These pairs represent the small- and large-scale instabilities, and they play
the main role in the flow. Meanwhile, the second mode pair with like-signed
symmetric spatial pairs in the region near the cylinder represents the Kármán
vortices. This mode pair contributes 17% of the flow energy.

The time-averaged drag (Cda) and the Strouhal number (St) of the flow
around an elliptic cylinder at different axis ratios (AR), angles of attack α and
Re are shown in Fig. 18. The Cda of the cylinder is generally lowest at α = 30◦,
followed by that at α = 60◦ and α = 90◦, for whole AR and Re. The smoothness
of the streamline at a lower α explains this behavior. At low Re, when the
viscous fluid force is significant, Cda for three angles of attack (α) is significant.
Moreover, Cda for the cylinder with a smaller AR is higher due to a greater
friction between the fluid and the cylinder surface. For α = 30◦ and α = 60◦,
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Fig. 18. Time-averaged drag coefficient (Cda) and the Strouhal number (St) of the flow
around an elliptic cylinder with various axis ratios (AR), Re at the angles of attack

α = 30◦, 60◦ and 90◦.

the vortex shedding of the flow develops at Re = 40, but it appears at Re = 65
for α = 90◦. This is because when the cylinders are inclined horizontally, the
flow loses its symmetry, which promotes the separation of the boundary layer
and then rolling up to create vortices. As Re grows, St progressively increases
for α = 30◦ and α = 60◦. Meanwhile, St at α = 90◦ exhibits a high value when
the vortex shedding takes place. We also observe the vortex shedding does not
occur at high Re for low axis ratios (AR ≤ 1), especially, for Re = 200 and
AR = 0.125.

Figure 19 shows the root mean square (rms) of C ′D and C ′L) of the flow exerted
on an elliptic cylinder at various axis ratios (AR), angles of attack α, and Re.
For α = 30◦, the rms of C ′D is trivial for whole AR and α. However, the rms of
C ′L is remarkable when Re ≥ 65 and AR ≥ 4, at which the Kármán vortex street
pattern is observed. For α = 60◦, the rms of C ′D shows the highest value in the
ranges of Re ≥ 100 and AR ≥ 4, at which the chaotic flow takes place. The rms
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Fig. 19. Root mean square (rms) of C′D and C′L of the flow exerted on an elliptic cylinder
with various axis ratios (AR), Re, and angles of attack (α), where C′D = Cd− Cda and

C′L = Cl − Cla.

of C ′L also exhibits a significant fluctuation in these ranges of AR and Re. The
chaotic flow results in a high fluctuation of the drag Cd and lift Cl coefficients.
Similarly, for α = 90◦, the rms of C ′D and C ′L are remarkable in the ranges of
AR ≥ 2 and Re ≥ 100, at which the chaotic flow takes place.

4. Conclusions

Transition in the vortex wakes of the flow around an elliptic cylinder was
numerically investigated at Re from 3 to 200 using the vortex particle method.
The axis ratio (AR) of the cylinder varies from 0.125 to 8, while its angle of attack
(AoA) is examined at α = 30◦, 60◦ and 90◦. The remarkable findings of the
characteristics of vortex wake behind an elliptic cylinder are presented as follows:

Eight vortex wake patterns, including attached flow, steady symmetric vor-
tex flow, steady asymmetric vortex flow, Kármán vortex street, double-periodical
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vortex shedding, Kármán wake followed by steady shear layers, Kármán wake fol-
lowed by a secondary wake, and chaotic flow, can take place as a flow passes over
an elliptic cylinder. The formation of these flow patterns significantly depends
upon AR, AoA, and Re. They can be classified into steady and unsteady flows,
in which the unsteady one is further characterized by periodic and quasi-periodic
fluctuations.

For AoA = 90◦, the attached flow is observed at low Re. As Re or/and
AR increase, this flow pattern is switched into the steady symmetric vortex
pair flow. With a further increase in Re, the Kármán vortex street takes place
behind the cylinder. This wake pattern can be changed into the Kármán wake
followed by steady shear layers or the Kármán wake followed by a secondary
wake as AR rises. Specifically, when Re is further increased, the chaotic flow
occurs. For AoA = 30◦, the attached flow is directly switched into the Kármán
vortex street as Re increases before turning into the chaotic flow at a higher Re.
However, for AoA = 60◦, we observed the steady asymmetric vortex flow at a low
Re and the double-periodical vortex shedding flow at a higher Re. At a still
higher Re, the Kármán vortices merge into the shear layers far downstream.
These shear layers can roll up to form a secondary vortex street due to convection
instability.

The drag coefficient is extremely high at low Re due to viscosity effects. As
Re increases, the drag coefficient decreases. However, it remarkably rises as the
vortex shedding occurs at a higher Re. The drag coefficient at AoA = 90◦ is
higher than those at AoA = 30◦ and 60◦ because of a greater resistance of the
flow at a higher AoA. The vortex shedding frequency is large as Re ≥ 65 and
AR ≥ 0.25 for three AoA of 30◦, 60◦ and 90◦. The rms of C ′D is high when
the chaotic flow takes place, and the greatest value is observed at AoA = 60◦.
Meanwhile, the rms of C ′L is considerable when the vortex shedding appears, and
the cylinder at AoA = 90◦ induces C ′L higher than at AoA = 30◦ and 60◦.

The spatial structures of the vortex wake behind the cylinder are analyzed us-
ing the proper orthogonal decomposition of the vorticity fluctuation. The steady
shear layers and the Kármán vortices are represented by the horizontal-axis-
symmetrical like-signed spatial structures. The spatial structures of the double
periodical vortex shedding pattern are different from the Kármán vortex street.
Both small- and large-scale instabilities exist significantly in the double period-
ical vortex shedding pattern, while they are trivial in the Kármán wake. The
Kármán wake followed by a secondary wake is composed of symmetric, like-
signed spatial structures near the cylinder and distorted ones far downstream.
Meanwhile, the chaotic flow contains the asymmetric spatial structures with vari-
ous scales and the symmetric like-signed spatial structure pairs near the cylinder.
The large-scale asymmetric spatial structures contribute the most energy for this
flow wake.
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