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We have supplemented the Particle-In-Cell code SMILEI with the module
for collisions between charged and neutral particles. The code has been evaluated
and used for the examination of the nonlinear stability and dynamics of plasma in
conditions of Transient Luminous Events. The linear kinetic dissipative filamenta-
tion instability of current-carrying weakly-ionized plasma, identified in J. Błęcki and
K. Mizerski [Archives of Mechanics, 70, 535–550, 2018], was simulated. This insta-
bility did not occur in our simulations due to an early onset of nonlinear effects. This
means that the time scales of the development of nonlinear effects are much shorter
than the time scale of the linear dissipative instability.
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1. Introduction

Transient Luminous Events (TLEs) is a group term used to describe
various phenomena that occur occasionally above large thunderstorms, in strato-
sphere, mesosphere and lower ionosphere; they last for a very short time (from
few to hundreds of milliseconds) but can be optically registered. Sprites are
a sub-type of TLEs that occur in the mesosphere. It is now accepted that sprites
consist of tendril-like filamentary structures. These tendrils are gas discharge
channels of weakly-ionized plasma, known as streamers. The horizontal and ver-
tical dimensions of sprite events can be on a scale of tens of kilometres, however
the diameters of single streamers shown by telescopic imaging are on a scale of
meters or tens of meters, e.g., [1].

Since sprites are plasma structures they can be examined with plasma mod-
elling and analysis. One of the fundamental plasma properties is its tendency to
be unstable, i.e., initially weak perturbations often tend to grow rapidly.
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Filamentation is a process where plasma structures divide and branch into
some narrower filaments and it is generated by instabilities. Two filamentation
instabilities are especially well-examined: the Weibel instability (WI) [2] and the
current-filamentation instability (CFI) [3]. They are closely related to each other
and describe a growth of transverse waves. They base on the anisotropy of the
electron distribution: the anisotropy of its temperature in case of the WI and
a drift anisotropy related to counter-streaming beams in case of the CFI.

In sprites, however, the leading streamer filamentation hypothesis is that it
is due to a Laplacian instability related to a wavy perturbation of the electron
concentration front [4].

However Błęcki and Mizerski [5] (referred as BM2018) proposed an alter-
native approach for the subject of sprite streamer filamentation (branching).
They investigated a kinetic instability of dissipative-resonant nature of a colli-
sional weakly-ionized current-carrying plasma in the external electric field; such
conditions are similar to these that exist in sprites. The dispersion relation was
derived analytically at the leading order and the collisions were modelled by
the Bhatnagar–Gross–Krook (BGK) term [6], which implies quasi-stationarity
of the particles drift. The BM2018 instability causes a growth of transverse waves
similarly to the WI and the CFI.

It is worth mentioning that there exist other analyses of collisional transverse
filamentation instabilities in a weakly-ionized current-carrying plasma derived
from the magnetohydrodynamic theory [7–9] and the kinetic theory [10, 11].

We wanted to examine if the BM2018 instability inside sprite streamer could
be related to its branching. To achieve this we have used a kinetic, Particle-
In-Cell (PIC) code SMILEI [12] (version 4.7-150-g7add17e-master) with our
own addition (implementation of the collisions between electrons and neutral
particles). We have successfully validated the supplemented code.

We prove that using the environment expected in sprite streamers the
BM2018 instability could not be simulated due to an early appearance of nonlin-
earities. We propose the explanation for that, namely that the quasi-stationarity
of particle distributions assumed in the analytical derivation do not hold under
the given conditions. This was overlooked in BM2018 and it is analysed here.

This work is constructed as follows. In Section 2 the derivation of the BM2018
instability is revised. Section 3 describes the physical parameters of the sprite
streamer. In Section 4 the PIC simulation set-up is explained. Section 5 contains
the results of simulations and explains why the BM2018 instability could not be
modelled. Section 6 contains the summary. In the Appendix the evaluation of
the algorithm for collisions between charged and neutral particles is shown. The
validation shows that the algorithm is implemented correctly.
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2. Filamentation through BM2018 instability

BM2018 derived the instability from the Boltzmann equations with the BGK
collision term (at the right hand side of the equation), the initial drifting Max-
wellian distribution with a small perturbation in a form δfα ∼ exp[i(~k ·~r−ωt)]:

(2.1)
∂fα
∂t

+ ~v · ∇~rfα +
qα
mα

( ~E0 + ~E′ + ~v × ~B′) · ∇~vfα = −να(fα − nαΦα),

where ~k is the wavenumber, ω is the frequency, t is time, ~r = [x, y, z] and
~v = [vx, vy, vz] are respectively, the position and velocity vectors in the phase
space, the index α is the type of the particle (respectively “e” and “i” for elec-
trons and ions), fα(~r,~v, t) is the distribution function (initially fα(~r,~v, t = 0) =
Φα(~v) + δfα(~r)), mα is the mass of the particle, qα is the charge of the particle,
να is the collision frequency of the particle,

(2.2) Φα(~v) =
mα

2πkBTα
exp

(
− mα

2kBTα
(~vα − 〈~vα〉)2

)
is the drifting Maxwellian, kB is the Boltzmann constant,

(2.3) nα(~r, t) =

∫
V
fα(~r,~v, t) d3v

is the density and

(2.4) 〈~vα〉(~r, t) =
1

nα

∫
V
~vfα(~r,~v, t) d3v

is the bulk flow velocity (drift velocity). The electric field ~E(~r, t) = ~E′(~r, t) + ~E0

consists of the self-induced field of the plasma ~E′(~r, t) and the constant external
field ~E0; the magnetic field is only the self-induced ~B′(~r, t).

BM2018 performed an analysis of Boltzmann equations (for both electrons
and ions) with a detailed examination of the dielectric tensor assuming quasi-
stationarity of the distribution, the theory of this method is described, e.g.,
in [13]. The analysed system can be treated as two beams (one consisting of
electrons, the other one of ions) moving across a neutral gas, the electrons moving
with a bulk velocity in the z direction and ions moving in the opposite one.
It was shown that only the transverse oscillations lead to an instability (the
wavenumber k in the x direction).

The dispersion relation for this instability was shown to be independent of k
at the leading order:

(2.5) ω ≈ iνi(χ− 1),
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where

χ =
vthiνe
vtheνi

, vthα =

√
2kBTα
mα

is the thermal velocity of electrons or ions and να are their collision frequencies
with neutral particles. The instability occurrence (Im(ω) > 1) is assured for
χ > 1 which was shown to be true, e.g., for the conditions in sprite streamers.
By introducing the k-dependent factor δω(k) � ω and ω = iνi(χ− 1) + δω(k),
the analysis revealed:

(2.6) Im[δω(k)] ≈ νi
κχ2

χ− 1
K2

0 ,

where

K0 =
1√
2

〈~ve〉ωpe
cνe

, κ =
χ− 1

χ
ln

(
ω2
pevthi

ω2
pivthe

)
, ωpα =

√
nαe

2

ε0mα

is the plasma frequency of an α-type particle, c is the velocity of light, e is the
elementary charge and ε0 is the permittivity of vacuum. At the same time,
K0 ≈ ±kvthe/νe, from which we can get the most unstable wavenumber k
for δω(k):

(2.7) k =
K0νe
vthe

.

From these analyses it turned out that for sprites, the growth rate of the
instability is in the order of νi and the characteristic growth time in the order of
1/νi. The most unstable modes by Eq. (2.7) should be the long-wavelength ones,
leading to structures of λ . 70 m at sprite altitudes, which is in accordance with
the results obtained by telescopic observations [1].

3. Sprite streamer conditions

The simulations were performed for conditions related to sprite streamers.
As in the BM2018, only the behaviour of electrons and NO+ ions was considered
and for most of the cases the similarity laws have been used to derive streamer
conditions:

nn(h) = nn0 exp(−h/ha),
ni(h) = ne(h) = 1020 exp(−2h/ha) m−3,

(3.1)

where nn0 = 2.7 × 1025 m−3 is the ground-level number density of air, h is
the altitude and the scale height ha ≈ 7.2 km is the averaged scale height of the
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atmosphere considering a constant temperature. If it were possible, the outcomes
were compared with the literature to verify adopted assumptions. The altitude
was assumed to be about 60 km above the ground. Hence, the assumptions were:
the neutrals density nn = 1.5×1022 m−3 (for simplicity the air was considered as
consisting of only N2 molecules), charged particles density ne = ni = 3×1013 m−3

(electrons and NO+ ions consequently).
The temperature of electrons inside streamers at 60 km was estimated to

be ∼1–10 eV [14, 15]. Kuo et al. [14] and Morill et al. [15] did not distin-
guish between regions of the streamer, but we may assume that the most en-
ergetic measurements applied to energies of the head region as in [16]. In the
simulations the lower thermal energy of electrons ∼1 eV was used, which cor-
responds to the thermal velocity vthe = 6.15 × 105 m s−1 and the temperature
Te = mev

2
the/(2kB) = 1.25× 104 K.

Particularly, the energy of electrons has been selected to be in the lower
limit to achieve better conditions for the occurrence of the BM2018 instability
through the parameter χ = vthiνe/(vtheνi) of Eq. (2.5) which was meant to be
greater than one.

The thermal velocity of ions was estimated to be around vthi=1.5×103 m·s−1,
i.e., Ti = 3.83× 103 K as in the BM2018.

In a weakly-ionized plasma, as in our case, charged particles collide mainly
with the neutral particles, hence their mutual and self-interactions have been ex-
cluded. The cross-section for the ion-neutral (i-n) collisions can be approximated
by σi ≈ π(aN2 + aNO+)2 ≈ 2.45× 10−19 m2, where aN2 ≈ 1.42× 10−10 m is the
radius of a nitrogen particle and aNO+ ≈ 1.37× 10−10 m is the radius of a NO+

ion as in the BM2018.
For electron energies laying in the range 1–10 eV, the adequate electron-

neutral (e-n) cross-sections cover the range σe=0.49×10−19–2.86×10−19 m2 [17].
The collision frequency:

(3.2) να(v) = nnσα(v)v

with characteristic velocities: 〈ve〉 ≈ 106 m · s−1 (the sprite streamer velocity)
and 2√

π
vthi ≈ 1.13vthi (which comes from applying Maxwellian (Eq. (2.2)) for

the distribution in Eq. (2.4)), gives νe0 = 7.35 × 108–4.29 × 109 s−1 and νi0 =
6.25× 106 s−1, respectively. Hence, the condition χ > 1 for the BM2018 instabi-
lity (Eq. (2.5)) is fulfilled for higher values of e-n cross-sections.

The electric field driving the drift in front of the streamer was assumed to be
in the range of negative thousands to negative tens of thousands volts. A crude
estimate with a mean e-n collision frequency νe0 = 7.35× 108–2.32× 109 s−1 is
(see Appendix, Eq. (A.3)):

(3.3) E0 = −〈ve〉meνe0
e

≈ −(4.2× 103–1.32× 104) V ·m−1.
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Since inside the streamer the external electric field is diminished or even van-
ishes, e.g. [18], its small value inside the channel was assumed, E0 = −200V/m,
accordingly with the BM2018. However in this case the drift of electrons 〈ve〉 ≈
106 m · s−1 was assumed to be the same as previously (despite the much smaller
field E0), as in the BM2018.

The plasma frequency ωpα for given densities is: ωpe = 3.09 × 108 s−1 and
ωpi = 1.36× 106 s−1. The influence of the geomagnetic field was neglected, since
its effect below the altitude of ∼70 km should not be pronounced; ωpe, ωpi are
much greater than their corresponding electron and ion gyrofrequencies at given
altitudes, Ωe ≈ 8.8× 106 s−1, Ωi ≈ 1.6× 102 s−1, as in the BM2018.

4. Simulation setup

We have extended the code by a module that realizes collisions of charged
particles with neutrals; the scattering angle derivation procedure was adapted
from Okhrimovskyy et al. [19] and the pseudo-random selection of particles
was governed by the Monte Carlo Collision (MCC) model [20]. The dominating
neutral particle was assumed to be nitrogen (N2) and the dominating ion, NO+.
The collision algorithm is not a part of the official code. The evaluation of the
model is described in the Appendix.

SMILEI is a PIC code which means that the kinetics of plasma are modelled
by a behaviour of a sufficiently large number of macro-particles that represent
a greater amount of physical particles of the real system. Neutrals were purely
virtual accounting only for the computation of the collision frequency via the
factor nn.

The collision frequency was calculated separately for each of the particles,
using Eq. (3.2) with the constant cross-sections σi for ions and an overview table
for σe(v) [17].

The model was in 2D3V space (two dimensions in position space and three
dimensions in velocity space). The initial perturbation was:

(4.1) By0(x, y, t = 0) = δ sin(kx),

where δ = 1 × 10−5 (in the SMILEI dimensionless system), which corresponds
to 1.76× 10−8 T. The spatial dimensions of a model were Lx = 4× 2π

k (4 times
the length of the initial perturbation wave) and Ly = 2× 2π

k , spatial resolution
was ∆x = ∆y = λ/64. There were 1024 particles of each of species (electrons
and ions) per cell.

The temporal resolution ∆t was set according to the Courant–Friedrichs–
Lewy (CFL) condition and the collisional constraint (CC). The CFL states that
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c∆t < ∆x [12] and CC states that νe∆t < 0.1. In the simulations c∆t =
1

Scoll
0.095∆x [20], Scoll is defined in this Section.
The BM2018 instability occurs when a drifting distribution of thermalised

electrons and ions is under the influence of the external electric field that speeds
them up. We have inferred that a suitable place for this conditions should be
either right in front of the streamer head, where the plasma is already ionized
and the external field E0 is high or right behind the head where the external
field is much lower due to the screening effect but still present. As described in
Section 3 external electric field E0 in simulations was: either −68× 103 V ·m−1

(high-field conditions ahead of the streamer) or −2 × 102 V · m−1 (low-field
conditions inside the streamer, as in the BM2018 analysis).

The shape of the streamer was simplified (no curvature and no density gra-
dient) and plasma was considered uniform (except from the small perturbation)
for our purposes.

For our simulations we have chosen a set of wavenumbers and initial pa-
rameters involving the electron drift velocity 〈ve〉, collision frequency, thermal
velocities, external electric field and others.

The velocity distribution was the drifting Maxwellian (Eq. (2.2)) with 〈ve〉 ≈
106 m · s−1 for electrons and without the drift for ions as in Section 3. Temper-
atures, densities as given in Section 3.

Considering given parameters, the analytically-derived unstable wavenum-
ber k ≈ 1.2 m−1 (see Eq. (2.7) with K0 ≈ 3.14 × 10−4) which corresponds
to the wavelength 5.2 m. The span of simulated wavenumbers was as follows:
k = {0.1, 0.2, 0.4, 0.8, 1.2, 1.6} m−1, which corresponded to the following wave-
lengths: λ ≈ {62.8, 31.4, 15.7, 7.9, 5.2, 3.9} m. They were chosen in such a way so
that they covered the range of observed sprite streamer diameters below 70 m
of width.

Cross-sections for e-n collisions were scaled by an arbitrary factor Scoll:
0.1 and 10 and a control simulation without collisions was run to see the in-
fluence of collisions. The purpose of this was also to see how the manipulation
of χ parameter (Eq. (2.5)) in a range close to 1 changes the behaviour of the
simulation. The mean free path between e-n collisions λMFP = 1

nnσe
for given

collision frequencies covered the averaged ranges of:

λMFP = 2.33× 10−4–1.36× 10−3 m,

λMFP,Cole−1 = 2.33× 10−3–1.36× 10−2 m,

where λMFP,ColeX refers to simulations with e-n collision frequencies scaled by
Scoll = 10X (λMFP is for the default collision frequencies in sprite streamers).

The analysis and post-processing of the outcomes were performed with the
use of a Python module happi which is a part of SMILEI.
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5. Results of numerical simulations

The BM2018 instability should manifest itself in the evolution of the energy of
the system (visible linear growth phase in accordance with Eq. (2.5)), in growth
of the seeded magnetic perturbation (visible growth of 4 maxima and minima of
the initial harmonic perturbation of the magnetic field) and consequently in
occurrence of visible filamentation of plasma in current density plots.

No occurrences of the BM2018 instability were found due to the relaxation
of the initial distribution which contradicted the theoretically assumed quasi-
stationarity of the initial drifting Maxwellians. The quasi-stationarity is a manda-
tory condition for applying the analysis that forms a basis for linear approxima-
tion analysis [13, p. 200], it states that the initial mean velocity of particles is not
varying significantly at the time scale of the analysis. Thus it can be only used if
the time scale of the instability development is much shorter than the variation
of the initial distribution (drifting Maxwellian), as explicitly stated in the cited
seminal book: “In spite of the nonstationarity of the electron distribution func-
tion [. . . ], the value of the directed velocity does not vary significantly during
such a short time”. However, in our case the time of the development of the
instability is comparable with the time between ion-neutral collisions, while the
time between electron-neutral collisions is much shorter which leads to a break
of the quasi-stationarity of the electron distribution function as described below.

The velocity distribution in case of a given driving field E0 was approaching
a relaxed Maxwellian (Maxwellianization of the initial distribution); the drift 〈ve〉
is suppressed by collisions between electrons and neutrals (as in the BGK collision
term, see e.g. [21, p. 229]). What is important, the simulated initial drifting
Maxwellian distribution was highly distorted at the scale of 2π/ωpe ∼ 1/νe0,
which is two orders of magnitude less than the time between the collisions 1/νi0
comparable with the instability growth rate (see Section 2).

The resulting evolution of energies of the system showed non-linear behaviour.
Particularly the evolution of the magnetic field energy density in a plane corre-
sponding to the perturbation is shown in Fig. 1.

The time of the rising phase in Fig. 1(a), right after the start of the simulation,
is much shorter than the expected characteristic growth time of the instability.
It is not aligned with the expected growth rate shown as a dashed red line.

The rising phase in Fig. 1(b) somehow corresponds to the expected growth
rate, however in this scenario the parameter χ = 0.17 (Eq. (2.5)) at its highest
level (highest e-n collision frequency) which is much below 1 (χ > 1 is the
necessary condition for the instability).

Analyses of the velocity distribution of electrons showed that collisions tend
to relax the beam to a stationary Maxwellian distribution, see Fig. 2(a, b)
(the unevenness of plots come from the set interval for saving the snapshot
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(a)

(b)

Fig. 1. Common logarithm of the spatially-integrated magnetic energy density Uelm,By (blue
line) vs time at variable e-n collision frequency scales: a) default e-n collisions expected in

sprite streamer b) e-n collisions downscaled tenfold (Scoll = 0.1); initial k = 0.2 m−1

(λ ≈ 31.4 m); E0 = −200 V ·m−1. Dashed red line shows function y = exp(2νi0) for
comparison.

of the distribution). The resulting Maxwellian is characterized by greater tem-
perature and no drift. In the transient between the initial and relaxed states the
shape does not reflect neither Maxwellian nor drifting Maxwellian distribution
due to the non-linear behaviour of the system (e.g. the depletion around vz = 0
which is subsequently being filled in as a result of chosen the collision scheme).

Increasing the parameter χ (by increasing the e-n collision frequency by
a factor Scoll > 1 or the thermal velocity of ions as well as decreasing the
thermal velocity of electrons) which should result in more vigorous instability,
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(a)

(b)

(c)

Fig. 2. Evolution of the electron number density distribution in velocity space vs time. The
intersection of plane vx, vz through the centre of the distribution along vz is shown in y-axis
which allows to see the evolution of the drift velocity and the shape of the distribution in the
vz direction. Simulation: (a) with default e-n collisions expected in sprite streamer; (b) with
e-n collisions downscaled tenfold (Scoll = 0.1); (c) without collisions. The color code indicates
the density with the brightest pixel being currently maximum density (at a given time-step),

initial k = 0.2 m−1; E0 = −200 V ·m−1.
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resulted in faster Maxwellianization of the initial drifting Maxwellian. Increas-
ing the driving electric field did not result in any major changes, even when
E0 = −68×103 V ·m−1 and hence 〈ve〉 was correlated with E0 through Eq. (3.3).
Ion-neutral collision frequency as well as the ion bulk velocity seemed to possess
little or no influence on the dynamics in comparison to their absence.

For lower e-n collision frequencies (Scoll < 1), before the relaxation and the
disappearance of the drift, the maximum of the distribution function oscillated
around the point (0, 0) in velocity space, getting closer and closer to this point
as in the case without collisions (see Fig. 2(c)). The time of a full oscillation was
∼40 electron plasma oscillations regardless of a collision frequency.

6. Conclusions

It was shown that the BM2018 instability is not occurring under the sprite-
streamer conditions despite the analytical derivation. The BM2018 derivation
assumed a quasi-stationarity of the initial drift [13, p. 200]. However, the ve-
locity distribution of electrons evolves far away from the drifting Maxwellian
distribution (Eq. (2.2)) at time scales similar to the time between e-n collisions
and much faster than the BM2018 instability characteristic growth time. Increas-
ing the growth rate of the BM2018 instability through parameter χ (Eq. (2.5)),
by increasing e-n collision frequency or thermal velocity of ions resulted in even
faster loss of quasi-stationarity. This contradicts the quasi-stationarity of the dis-
tribution assumed in the analytical derivation which was to allow for the linear
approximation.

To sum up, the BM2018 instability is not a dynamical factor in the sprite
filamentation mechanism.

Appendix

A.1. Post-processing of data

The magnetic field energy density is given in dimensionless units of the model
and is defined as:

(A.1) Uelm,By =

Lx∫
0

Ly∫
0

B2
y

2
dx dy,

with By given in the magnetic field unit of the model

Br = meωr/e = 1.76× 10−3 T.
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A.2. Evaluation of the model

The supplemented PIC model was validated on a weakly-ionized plasma
with various settings. Validation scripts were adapted from SMILEI benchmark
scripts. Purely virtual and immobile neutral particles were involved only in colli-
sions and the collision frequency was constant in these scripts (regardless of the
energy of the impeding particle).

The colliding electrons were tested with the plasma conductivity behaviour.
The plasma conductivity can be calculated from the fluid equation of motion:

(A.2) mα
d~vα
dt

= qα( ~E + ~vα × ~B)−mανα(~vα − 〈~vα〉).

In the absence of the magnetic field and considering a steady state (d~vα/dt = 0)
and only electrons to be mobile, we restrict only to the influence of electrons and
get:

(A.3) ~E = −meνe
e
〈~ve〉,

where e is the elementary charge. The current is given by

(A.4) ~j = −ene〈~ve〉,

which in combination with Eq. (A.3) yields the Ohm law:

(A.5) ~E = σ−1~j =
meνe
nee2

~j,

where

(A.6) σ =
nee

2

meνe

is the plasma conductivity.
At the same time one can derive the steady-state bulk velocity from Eqs. (A.4)

and (A.5):

(A.7) 〈~ve〉 = −
~Ee

meνe
.

For sprite-like conditions, where ne ≈ 3.01× 1013 m−3, νe ≈ 2.32× 109 s−1,
from Eq. (A.6) the conductivity is σ ≈ 3.64 × 10−4 S · m−1. In Fig. 3 the
simulated evolution of the bulk velocity of electrons is shown for various values
of the electric field in dimensionless units. The 1D simulation with the reference
frequency ωr = 3.09 × 108 s−1 consisted of electrons only, 400 particles per
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Fig. 3. Evolution of the velocity of electrons in sprite streamer conditions at applied
constant electric field: E = 0.001× Escale = 5.27× 102 V ·m−1 (magenta),

E = 0.002×Escale = 1.05× 103 V ·m−1 (green) and E = 0.004×Escale = 2.11× 103 V ·m−1

(blue). Dashed lines are theoretically predicted bulk velocities at the steady state (Eq. (A.7)).
Escale = 5.27× 105 V ·m−1.

Fig. 4. Evolution of the distribution function of electrons in vx direction at different
time-steps. The initially rectangular distribution (blue line) evolves into a Maxwellian-like
one (blue line). The red line shows a Gaussian function. The density scale for the y-axis is

neScale = ε0meω
2
r = 1.12× 1027 m−3.
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cell, simulation spatial length 40 × 2πc/ωr, cell length 40 × 2πc/ωr, duration
0.5 × 2π/ωr, time-step 0.001 × 2π/ωr, periodic boundary conditions. One can
see that modelled values converge to theoretical ones, however at high fields the
velocity overshoots the expectation.

The behaviour of collided particles was also tested on the Maxwellianisa-
tion procedure which shows that the initially rectangular velocity distribution
relaxes to the Maxwellian one (see Fig. 4). The tested conditions were ne ≈
3.69 × 1030 m−3, νe ≈ 4.53 × 1015 s−1; the spatially 1D simulation with the
reference frequency ωr = 1.88× 1015 s−1 consisted of electrons only, 20000 par-
ticles per cell, simulation spatial length 1600× 2πc/ωr, cell length 20× 2πc/ωr,
duration 0.5 × 2π/ωr, time-step 0.002 × 2π/ωr, periodic boundary conditions.
The initial, three-dimensional, rectangular distribution had the temperatures
[kBTx, kBTy, kBTz] = [0.0002, 0.00002, 0.00002]×mec

2, which is equivalent to the
thermal velocity [vTx, vTy, vTz] = [0.014, 0.0045, 0.0045]×c. In the figure one can
see a quite successful relaxation, however the sides go slightly over the Maxwel-
lian. This behaviour is a consequence of elastic collisions — the exact Maxwellian
distribution cannot be obtained, because the maximum velocity after the colli-
sion must be less than or equal to the maximum initial velocity.
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