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This study presents a comprehensive framework for analyzing the free
vibration behavior of functionally graded (FG) porous nanobeams. A high-order
shear deformation theory is employed to formulate the governing equations of motion,
incorporating Eringen’s nonlocal differential constitutive relations within the context
of a refined three-variable beam theory. The formulation captures small-scale effects
through the length scale parameter and accounts for porosity distributions through
various models, including uniform, non-uniform, logarithmic non-uniform, and mass-
density-based approaches. Additionally, different volume fraction profiles, such as the
power-law, Viola–Tornabene four-parameter, and trigonometric models, are considered
to accurately represent the material gradation within the nanobeam. A parametric
investigation is conducted to elucidate the influence of critical factors, including the
nonlocal parameter, the material index, the length-to-thickness ratio, the porosity co-
efficient, and porosity distribution patterns, on the dynamic response of the nanobeam.
The study provides valuable insights into the interplay between small-scale effects,
material heterogeneity, and porosity, offering a comprehensive understanding of their
collective impact on the vibration characteristics of FG porous nanobeams.

Key words: dynamic behavior, FG nano-beams, Eringen theory, volume fraction
models, porosity distributions, length scale parameter.

Copyright c© 2025 The Authors.

Published by IPPT PAN. This is an open access article under the Creative Commons
Attribution License CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

Nomenclature and symbols

Symbol Description Unit/Type

Geometric Parameters
L Length of the nanobeam m
b Width of the nanobeam m
h Thickness of the nanobeam m
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Symbol Description Unit/Type

Geometric Parameters
z Spatial coordinate through thickness m
x Spatial coordinate along the length m

Material Properties
P (z) Effective material property Variable
Pc Property of ceramic phase Variable
Pm Property of metal phase Variable
V (z) Volume fraction of ceramic phase Dimensionless
p Material index (power-law exponent) Dimensionless
E(z) Young’s modulus distribution GPa
Ec Young’s modulus of ceramic GPa
Em Young’s modulus of metal GPa
ρ(z) Mass density distribution kg/m3

ρc Mass density of ceramic kg/m3

ρm Mass density of metal kg/m3

ξ Porous coefficient Dimensionless
G Shear modulus GPa

Displacement and
strain components
u(x, z, t) Axial displacement m
w(x, z, t) Transverse displacement m
u0(x, t) Mid-plane axial displacement m
wb(x, t) Bending component of transverse dis-

placement
m

ws(x, t) Shear component of transverse dis-
placement

m

εx Normal strain Dimensionless
γxz Shear strain Dimensionless
ε0x Mid-plane normal strain Dimensionless

kb

x Bending curvature m−1

ks

x Shear curvature m−1

γs

xz Shear strain measure Dimensionless

Stress and
force resultants
σx Normal stress N/m2

τxz Shear stress N/m2

N Axial force resultant N
Mb Bending moment N ·m
Ms Shear moment N ·m
Q Shear force N

Material constants
and parameters
e0 Material constant Dimensionless
a Internal characteristic length m
µ Nonlocal parameter, (e0a)

2 m2

f(z) Shape function for displacement field Dimensionless
g(z) Shape function for shear strain Dimensionless
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Symbol Description Unit/Type

Mass inertias and
stiffness coefficients
I0, I2 Mass inertias kg ·m, kg ·m3

A, B, D Stiffness coefficients N/m2, N/m, N
Bs, Ds, Hs Additional stiffness coefficients N/m, N, N ·m
A55, D55, F55 Shear stiffness coefficients N/m2, N, N ·m2

Dynamic analysis parameters
ω Natural frequency rad/s
ω̄ Non-dimensional frequency Dimensionless
m Mode number Integer
Model-specific parameters
a, b, c Viola–Tornabene model

parameters
Dimensionless

m0 Mass at non-zero porosity kg
m Mass at zero porosity kg

1. Introduction

Recent research has focused on understanding the dynamic behavior
of porous functionally graded materials (FGMs) in various structural compo-
nents. This research highlights the crucial role of porosity, material gradation,
nonlocal effects, thermal gradients, and dynamic loading conditions in accurately
predicting the dynamic response of these materials.

Studies have demonstrated the significant impact of porosity on the dynamic
behavior of FGM structures. Rai and Gupta [1] investigated the free vibration
of FG nanoplates resting on the Winkler–Pasternak elastic foundation, high-
lighting the influence of porosity on natural frequencies. Xiao et al. [2] explored
the vibration analysis of porous FG truncated conical shells in axial motion,
showcasing the effect of porosity distribution. Phuong et al. [3] examined the
nonlinear dynamic buckling of FG-GPLRC panels with a porous core, underlin-
ing the role of porosity in buckling behavior. Vaka et al. [4] studied the dynamic
analysis of a porous exponentially graded shaft system subjected to thermal gra-
dients, showcasing the influence of porosity.

The continuous variation of material properties, or material gradation,
within FGM structures also significantly affects their dynamic response. Rai and
Gupta [1] developed a dynamic stiffness matrix to analyze the free vibration
of FG-nP, highlighting the influence of material gradation. Xiao et al. [2] and
Phuong et al. [3] demonstrated the effect of the material composition index on
the natural frequencies and buckling behavior of porous FG shells and panels,
respectively. Vaka et al. [4], Chandel and Talha [5], Kurpa et al. [6], and
Zhang et al. [7] also showcased the influence of material gradation on the dy-
namic response, stochastic behavior, natural frequencies, and stability of various
porous FGM structures.
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To account for size-dependent effects in nanoscale structures, researchers have
employed nonlocal elasticity theory, which is critical for predicting the dynamic
behavior of FGM nanoplates and nanobeams. Rai and Gupta [1], Chandel

and Talha [5], and Zhang et al. [7] highlighted the importance of considering
nonlocal effects when analyzing the vibration, stochastic behavior, and stability
of porous FG nanostructures.

Researchers have explored the dynamic response of FGM structures subjected
to moving loads, harmonic excitations, or impact loading. Zanjanchi Nikoo

et al. [8] examined the dynamic instability of Timoshenko FG sandwich nano-
beams under parametric excitation. Attia and Shanab [9] analyzed the
vibration of 2D-FGM porous nanobeams under a moving load, considering
surface stress and microstructure effects. Zanjanchi et al. [10] investigated the
dynamic stability and bifurcation point analysis of FG porous core sandwich
plates reinforced with graphene platelets. Li and Yan [11] explored the applica-
tion of a semi-analytical method to the dynamic analysis of FG porous conical–
conical–cylindrical shells. In line with this research, Akhzary and Khorshid-

vand [12] proposed the mixed differential quadrature-Newmark method to ana-
lyze the dynamic response of FGP rectangular plates subjected to moving loads
while resting on Winkler–Pasternak elastic foundations. Their study examined
the effects of material gradation, porosity distribution, and foundation stiffness
on the plate’s displacement and stress responses.

Various research approaches have been employed. Giang et al. [13] devel-
oped a novel finite element model for the transient analysis of viscoelastic FGP
nanoplates resting on the viscoelastic Pasternak medium. By incorporating the
higher-order shear deformation theory, nonlocal elasticity, and a refined inverse
hyperbolic function, their model effectively captured the influence of porosity,
viscoelastic foundation properties, and dynamic loading conditions on the struc-
tural response. The Galerkin method [14], the finite element method [15], the gen-
eralized differential quadrature method [16], and the Rayleigh–Ritz method [17]
are also used.

Recent research has extensively explored the behavior of FGMs in various ap-
plications. The static deflection behavior of sandwich FG plates under thermal
loads has been a focus, with Billel [18] investigating the influence of homog-
enization models and thermal loads, utilizing micromechanical models to derive
effective material properties and validate the analytical model against existing
literature. Similarly, Rebai et al. [19] examined the deflection of FG plates,
evaluating different idealization models to understand their impact on mechan-
ical responses, thus aiding in the efficient design of FGM structures. Moreover,
Shen et al. [20] conducted a free vibration analysis of FG porous spherical caps
reinforced by graphene platelets on Winkler foundations, highlighting the ef-
fect of various parameters, including porosity distribution and graphene platelet
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patterns, on the natural frequencies. Uzun et al. [21] investigated the torsional
dynamic response of FG nanorods using the strain gradient nonlocal elastic-
ity theory, revealing the influence of nonlocal parameters and elastic boundary
conditions. Additionally, Madenci et al. [22] explored the free vibration behav-
ior of carbon nanotube-reinforced composite beams using both variational dy-
namic analysis of FG porous nano-beams analytical methods and artificial neural
networks, demonstrating the model’s predictive accuracy. Tang and Qing [23]
focused on the static bending of axially FG nanobeams using local/nonlocal inte-
gral models, providing insights into the effects of nonlocal parameters on bending
deflections.

In this context, Zare et al. [24] investigated the nonlinear free vibration of
bi-directional functionally graded (BFG) Timoshenko nanobeams using the non-
local elasticity theory and von Kármán nonlinearity. Their study employed the
differential quadrature method to discretize the governing equations and ana-
lyzed the effects of material gradation, nanobeam length, and nonlocal param-
eters on the nonlinear frequency response. Similarly, Ghandourah et al. [25]
introduced a novel tri-coated FG shell model to study the free vibration of porous
nanoshells resting on a viscoelastic Winkler–Pasternak foundation. Using an an-
alytical Galerkin-based approach, they examined the impact of porosity distribu-
tion, material gradient, and nanoshell geometry on the fundamental frequencies,
demonstrating the effectiveness of their proposed model across various boundary
conditions.

While Eringen’s nonlocal elasticity theory has been extensively utilized to
model size-dependent effects in nanostructures, it has certain limitations, par-
ticularly when applied to bounded structures. Recently, paradoxical results in the
characterization of nanobeam responses, primarily due to the assumption that
nonlocal effects are uniformly distributed across the structure, which may not be
valid for complex boundary conditions have been pointed out [26–34]. However,
in the case of FGP nanobeams, Eringen’s model remains a practical choice due to
its simplicity and its ability to capture the fundamental size-dependent behavior
with reasonable accuracy. Although alternative approaches, such as the strain
gradient theory and intrinsically nonlocal models [35], offer improved accuracy
in certain scenarios, they are computationally intensive. Given the scope of this
study, Eringen’s nonlocal model provides an optimal balance between computa-
tional efficiency and physical reliability for analyzing the mechanical behavior of
FG porous nanobeams.

Deep Neural Networks (DNNs) have emerged as a powerful tool for solving
Partial Differential Equations (PDEs) in computational mechanics. Traditional
methods like the Finite Element Method (FEM) and the Isogeometric Analy-
sis (IGA) rely on discretization, while DNNs offer an alternative by leveraging
their function approximation capabilities. Recent approaches, such as the Deep
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Autoencoder-based Energy Method (DAEM), integrate machine learning with
energy principles to analyze the bending, vibration, and buckling of structures.
These methods minimize total potential energy, improving computational effi-
ciency and adaptability. This study explores the application of such techniques
to enhance accuracy and efficiency in engineering simulations [36, 37].

This study proposes a unified theoretical framework for dynamic analysis
of FG porous nanobeams that integrates the high-order shear deformation the-
ory, Eringen’s nonlocal elasticity for capturing small-scale effects, and advanced
material modeling techniques. It incorporates various volume fraction models
such as the power-law, Viola–Tornabene four-parameter, and trigonometric to
represent material gradation, as well as different porosity distributions includ-
ing uniform, non-uniform, logarithmic non-uniform, and mass-density based pat-
terns. Analytical solutions for natural frequencies of simply supported FG porous
nanobeams are derived. Comprehensive parametric investigations elucidate the
influence of the length-to-thickness ratio, the nonlocal parameter, the material
index, the porosity coefficient, and distribution patterns on vibration character-
istics. The framework enables accurate predictions accounting for complexities
from small scales, material heterogeneity, and porosity, with implications for op-
timizing the design of nanobeams in NEMS, energy harvesting, and biomedical
sensors, while laying the foundation for future research integrating additional
phenomena.

2. Geometric configuration of nanobeams with various applied models

Figure 1 shows a functionally graded (FG) nanobeam of length L, width b,
and thickness h. The material on the top surface (z = +h/2) of the beam is
ceramic and is graded to metal at the bottom surface of the beam (z = −h/2).

Fig. 1. The geometry domain of the FG nano-beam.

2.1. Mixture law (Voigt model)

The mixture law, also known as the Voigt model, provides a mathematical
framework for describing the behavior of composite materials. It postulates that
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the properties of a composite material can be derived by linearly combining the
properties of its components. This model is instrumental in calculating the effec-
tive modulus of elasticity, strength, and other relevant properties of composite
materials. The effective material property P (z) is given by:

(2.1) P (z) = PcV (z) + Pm(1− V (z)),

where P (z) is the effective material property. Pm and Pc are the properties of
the metal and ceramic faces of the beam, respectively. V (z) denotes the volume
fraction of the ceramic phase as a function of the spatial coordinate z. Below
there are the models used to describe the volume fraction distributions in FG
structures.

2.2. Power-law model

The power-law model defines the volume fraction V (z) as:

(2.2) V (z) =

(

1

2
+

z

h

)p

,

where p is the material index, which influences the gradation profile of the ma-
terial properties across the beam’s thickness.

2.3. Trigonometric model

The trigonometric model expresses the volume fraction V (z) as:

(2.3) (z) = sin2
(

1

2
+

z

h

)p

.

This model incorporates trigonometric functions to describe the material distri-
bution, offering a different gradation pattern compared to the power-law model.

2.4. Viola–Tornabene four-parameter model

The Viola–Tornabene model introduces a more complex formulation for the
volume fraction V (z):

(2.4) V (z) =

[

1− a

(

1

2
−

z

h

)

+ b

(

1

2
+

z

h

)c]p

.

In this model, a, b, and c are constant parameters that control the material
gradation profile within the FG structure. The parameter p further modulates
the distribution, allowing for a highly customizable material property variation.

These models collectively enable a comprehensive understanding and precise
calculation of the dynamic response of FG porous nano-beams by accounting for
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the complex interplay of material distributions and their effects on the beam’s
behavior.

The porosity varies through the thickness, and four different patterns of
porosity variations are examined.

2.5. Even porosities model

The formulations of Young’s modulus E(z), mass density ρ(z), can be ex-
pressed as follows:

E(z) = (Ec − Em)

(

1

2
+

z

h

)p

+ Em −
ξ

2
(Ec + Em),(2.5)

ρ(z) = (ρc − ρm)

(

1

2
+

z

h

)p

+ ρm −
ξ

2
(ρc + ρm).(2.6)

2.6. Uneven porosities model

The effective material properties with uneven distribution can be written as:

E(z) = (Ec − Em)

(

1

2
+

z

h

)p

+ Em −
ξ

2
(Ec + Em)

(

1−
2|z|

h

)

,(2.7)

ρ(z) = (ρc − ρm)

(

1

2
+

z

h

)p

+ ρm −
ξ

2
(ρc + ρm)

(

1−
2|z|

h

)

.(2.8)

2.7. Logarithmic-uneven porosities

The effective material properties with logarithmic-uneven distribution can be
given as:

E(z) = (Ec−Em)

(

1

2
+

z

h

)p

+Em− log

(

1+
ξ

2

)

(Ec+Em)

(

1−
2|z|

h

)

,(2.9)

ρ(z) = (ρc−ρm)

(

1

2
+

z

h

)p

+ρm− log

(

1+
ξ

2

)

(ρc+ρm)

(

1−
2|z|

h

)

.(2.10)

2.8. Mass-density porosities

The mass-density porosities model is based on the true and the apparent
mass density respectively:

m =

∫

h

ρ(z) dz at ξ = 0,(2.11)

m0 =

∫

h

ρ(z) dz at ξ 6= 0,(2.12)
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where ξ is the porous coefficient. The effective material properties with mass-
density porosities can be given as:

E(z) = (Ec − Em)

(

1

2
+

z

h

)p

+ Em −
m0 −m

m0
(Ec + Em),(2.13)

ρ(z) = (ρc − ρm)

(

1

2
+

z

h

)p

+ ρm −
m0 −m

m0
(ρc + ρm).(2.14)

3. Kinematics

The displacement field in our proposed theory derives from the premise that
in-plane and transverse displacements segregate into bending and shear compo-
nents. The bending aspect of in-plane displacement aligns with the principles of
the Euler–Bernoulli theory, while the shear component triggers hyperbolic vari-
ations in shear strains and stresses within the plane. Notably, these shear effects
diminish at the top and bottom surfaces of the beam. This formulation yields
the subsequent displacement field:

u(x, z, t) = u0(x, t)− z
∂wb

∂x
+ f(z)

∂ws

∂x
,(3.1)

w(x, z, t) = wb(x, t) + ws(x, t).(3.2)

Here u0(x, t) denotes the displacements along the x coordinate directions of
a point on the mid-plane of the beam; wb(x, t) and ws(x, t) are the bend-
ing and shear components of the transverse displacements, respectively; and
h is the beam thickness. The nonzero strains associated with the displacement
field are:

(3.3) εx = ε0x + zkbx + f(z)ksx, γxz = g(z)γsxz,

where

ε0x =
∂u0
∂x

, kbx = −
∂2wb

∂x2
, ksx = −

∂2ws

∂x2
, γsxz =

∂ws

∂x
,

f(z) = −
1

4
z +

5

3
z

(

z

h

)2

, g =
5

4
−5

(

z

h

)2

.

4. Constitutive relations

The nonlocal constitutive relation for the macroscopic stress tapes the fol-
lowing special relations of Eringen:

(4.1) σx − µ
d2σx
dx2

= Eεx, τxz − µ
d2τxz
dx2

= Gγxz,
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where E and G are Young’s modulus and shear modulus, respectively. More-
over, e0 is a material constant, and a is the internal characteristic length. Once
the nonlocal parameter µ = (e0a)

2 is equal to zero, we obtain the constitutive
relations of the local theories.

Eringen’s nonlocal model predicts a “smaller is softer” behavior, contrasting
with the “smaller is stiffer” effect observed experimentally. However, in FG porous
nanobeams, this prediction aligns with the softening effect caused by porosity
and material gradation, leading to lower stiffness and natural frequencies. While
the strain gradient theory offers an alternative, it requires complex formula-
tions. Given its simplicity and computational efficiency, Eringen’s model remains
a practical choice for this study, with the potential for future refinements using
advanced models. It assumes linear elasticity, small deformations, and homoge-
neous porosity distribution. While Eringen’s nonlocal theory effectively captures
scale effects, it may not fully address size-dependent behavior in bounded struc-
tures. Eringen’s model has been chosen for its simplicity and applicability to
nanostructures but acknowledges alternatives like the strain gradient theory and
intrinsically nonlocal methods [38, 39].

5. Equations of motion

Hamilton’s principle is used herein to derive the equations/1 of motion. We
have obtained:

(5.1)

L
∫

0

∫

A

(σxδεx + τzxδγzx) dA dx

−

L
∫

0

∫

A

ρ[ü0δu0 + (ẅb + ẅs)δ(wb + ws)] dA dx = 0.

Integrating by parts Eq. (5.1), and collecting the coefficients of δu0, δwb and
δws the following equations of stability are obtained:

δu0:
dN

dx
= I0ü0,(5.2)

δwb:
d2Mb

dx2
= I0(ẅb + ẅs)− I2

d2ẅb

dx2
,(5.3)

δws:
d2Ms

dx2
+

dQ

dx
= I0(ẅb + ẅs)−

I2
84

d2ẅs

dx2
,(5.4)

where N , Mb, Ms and Q are stress resultants and they are defined by:

(5.5) (N,Mb,Ms) =

∫

A

(1,z, f)σx dA, Q =

∫

A

gτxz dA
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and (I0, I2) are mass inertias defined as:

(5.6) (I0, I2) =

∫

A

(1,z2)ρ(z) dA.

Substituting Eqs. (5.2)–(5.4) into Eq. (5.5) and integrating through the thickness
of the beam, the stress resultants are related to the generalized displacements
by the relations:

N − µ
d2N

dx2
= A

du0
dx

−B
d2wb

dx2
−Bs

d2ws

dx2
,(5.7)

Mb − µ
d2Mb

dx2
= B

du0
dx

−D
d2wb

dx2
−Ds

d2ws

dx2
,(5.8)

Ms − µ
d2Ms

dx2
= B

du0
dx

−D
d2wb

dx2
−Hs

d2ws

dx2
,(5.9)

Q− µ
d2Q

dx2
= As

dws

dx
,(5.10)

where

{A,B,D,E, F,H} =

∫

A

{1, z, z2, z3, z4, z6}E(z) dA,

Bs = −
1

4
B +

5

3h2
E, Ds = −

1

4
D +

5

3h2
F, Hs =

1

16
D −

5

6h2
F +

25

9h4
H,

{A55, D55, F55} =

∫

A

{1, z2, z4}G(z) dA, As =
25

16
A55 −

25

2h2
D55 +

25

h4
F55.

After substituting equations, we obtain the following equation in terms of
(u0, wb, ws):

A
d2u0
dx2

−B
d3wb

dx3
−Bs

d3ws

dx3
= I0

(

ü0 − µ
d2ü0
dx2

)

,(5.11)

B
d3u0
dx3

−D
d4wb

dx4
−Ds

d4ws

dx4
(5.12)

= I0

(

ẅb + ẅs − µ
d2(ẅb + ẅs)

dx2

)

− I2

(

d2ẅb

dx2
− µ

d4ẅb

dx4

)

,

Bs
d3u0
dx3

−Ds
d4wb

dx4
−Hs

d4ws

dx4
+As

d2ws

dx2
(5.13)

= I0

(

ẅb + ẅs − µ
d2(ẅb + ẅs)

dx2

)

−
I2
84

(

d2ẅb

dx2
− µ

d4ẅb

dx4

)

.
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6. Exact solution for a simply-supported FG beam

Following the Navier solution procedure, we assume the solution form for u0,
wb, ws that satisfies a simply-supported FG condition.

(6.1)







u0
wb

ws







=

∞
∑

m=1







Uncos(αx)
Wbnsin(αx)
Wsnsin(αx)







eiωt,

where Un, Wbn and Wsn are arbitrary parameters to be determined, ω is the
eigenfrequency associated with (n)th eigenmode, and the analytical solutions
can be obtained from:

(6.2)









Aα2 −Bα3 −Bsα
3

−Bα3 Dα4 Dsα
4

−Bsα
3 Dsα

4 Hsα
4 +Asα

2





−(1 + µα2)ω2





I0 −I1α −J1α
−I1α I0 + I2α

2 I0 + J2α
2

−J1α I0 + J2α
2 I0 +K2α

2















Un

Wbn

Wsn







=







0
0
0







.

7. Parametric study on the natural frequency

of the FG porous nanobeams

This section presents a comprehensive parametric study that examines the in-
fluence of multiple factors on the natural frequency of FG nanobeams. The anal-
ysis investigates the effects of the nonlocal parameter, material index, length-
to-thickness ratio, porosity models, and volume fraction distributions. Through
a series of figures and numerical results, the study elucidates how these param-
eters impact the dynamic behavior and natural frequencies of FGM nanobeams
composed of aluminum and alumina phases. This systematic analysis aims to en-
hance the understanding of the dynamics of FG nanobeams, thereby facilitating
the design and optimization of these structures for potential applications across
various fields.

The FGM nano-beams are composed of aluminum (Al) and alumina (Al2O3)
phases, representing the metallic and ceramic constituents, respectively.

Table 1. Material properties of metal and ceramic.

Material
Young’s modulus Mass density Poisson’s

[GPa] [kg/m3] ratio

Aluminum 70 2702 0.3

Aluminia (Al2O3) 380 3800 0.3
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In all cases, we present the non-dimensional frequency defined as:

(7.1) ω̄ = ωL2

√

ρcA

EcI
.

7.1. Impact of the length-to-thickness ratio on the natural frequency of the FG
porous nanobeam

Figure 2 presents a detailed investigation into how the natural frequency of
FGM porous nano-beams is influenced by the length-to-thickness ratio (L/h),

(a)

(b)

Fig. 2. Natural frequency variation of FG porous nanobeam across different
length-to-thickness ratios (P = 1, µ = 4).
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across various porosity and volume fraction models. These models include uni-
form, non-uniform, logarithmic non-uniform, and mass-density-based distribu-
tions, as depicted in Fig. 2a. Additionally, the study explores different volume
fraction models namely, the power-law, Viola–Tornabene four-parameter, and
trigonometric models as illustrated in Fig. 2b. Throughout the analysis, the ma-
terial index remains constant at 1, while the nonlocal parameter is set to 4.

The trends observed in Fig. 2 indicate that the natural frequency of FG
nanobeams tends to increase as the length-to-thickness ratio (L/h) rises. This
phenomenon can be understood by considering the structural changes associated
with altering the L/h ratio. As the beam becomes longer and thinner, it exhibits
higher stiffness and reduced flexibility, leading to an increase in its natural fre-
quency of vibration.

Upon closer examination of the various porosity models, it is apparent that
different distributions yield distinct natural frequency responses. Mass-density
porosity consistently results in the highest non-dimensional fundamental fre-
quency values, suggesting that a denser material configuration enhances the
beam’s stiffness and consequently its natural frequency. Conversely, even poros-
ity consistently yields the lowest natural frequency estimates, indicating that
a uniform distribution of pores leads to reduced stiffness and lower natural fre-
quencies (Fig. 2a).

Furthermore, the impact of the thickness-to-span ratio (a/h) on the natu-
ral frequency is significant. Initially, as the thickness-to-span ratio rises from 10
to 30, there is a rapid escalation in the non-dimensional fundamental frequencies.
This acceleration can be ascribed to the heightened stiffness of thicker plates,
which resist bending deformations more effectively, resulting in elevated natural
frequencies. However, beyond a thickness-to-span ratio of 40, the increase in nat-
ural frequency becomes more gradual, suggesting diminishing returns in stiffness
enhancement. This observation is visually represented in Fig. 2a.

Regarding the volume fraction models, the Viola–Tornabene four-parameter
profile consistently yields the highest values for non-dimensional fundamental
frequencies (ω), followed by the power-law model. The trigonometric model, on
the other hand, exhibits the lowest deflection, indicating that it leads to a less
stiff material configuration compared to the other models (Fig. 2b).

7.2. Effect of nonlocal parameter on the natural frequency of FG nanobeams

Figure 3 presents an exhaustive examination of how the natural frequency of
FG porous nano-beams is impacted by the nonlocal parameter, ranging from 0
to 5, across various porosity and volume fraction models. These models encom-
pass diverse distributions, including uniform, non-uniform, logarithmic non-uni-
form, and mass-density-based distributions, as depicted in Fig. 3a. Additionally,
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(a)

(b)

Fig. 3. Natural frequency variation of an FG nanobeam with nonlocal parameter
(P = 1, L/h = 10).

the study explores different volume fraction models namely, the power-law,
Viola–Tornabene four-parameter, and trigonometric models as illustrated in
Fig. 3b. Throughout the analysis, the material index remains constant at 1,
and the length-to-thickness ratio is set to 10.

The trends observed in Fig. 3 reveal that the natural frequency of FG nano-
beams tends to decrease as the nonlocal parameter increases. This decrease in
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frequency is attributed to the nonlocal parameter rendering the beam stiffer,
thereby reducing its natural frequency. As the nonlocal parameter increases, the
beam becomes increasingly rigid, leading to lower natural frequencies.

Upon closer examination of the various porosity models, it is evident that
different distributions yield distinct natural frequency responses. Mass-density
porosity consistently results in the highest non-dimensional fundamental fre-
quency values, indicating that a denser material configuration enhances the
beam’s stiffness and consequently its natural frequency. Conversely, even porosity
consistently yields the lowest natural frequency estimates, suggesting that a uni-
form distribution of pores leads to reduced natural frequencies (Fig. 3a).

Regarding the volume fraction models, the Viola–Tornabene four-parameter
profile consistently yields the highest values for non-dimensional fundamental
frequencies (ω), followed by the power-law model. The trigonometric model, on
the other hand, exhibits the lowest deflection (Fig. 3b).

In summary, the observed decrease in natural frequency with increasing non-
local parameter underscores its role in stiffening the beam, thereby reducing its
dynamic response.

7.3. Effect of the material index of the FG nanobeam on its natural frequency

Figure 4 provides a comprehensive investigation into the influence of the
material index on the natural frequency of FG porous nanobeams, covering
a range from 0 to 30. This analysis encompasses various porosity and volume
fraction models, representing diverse distributions such as uniform, non-uniform,
logarithmic non-uniform, and mass-density-based distributions, as illustrated
in Fig. 4a. Additionally, the study examines different volume fraction models,
including the power-law, Viola–Tornabene four-parameter, and trigonometric
models, as depicted in Fig. 4b. Throughout the analysis, the material index
is systematically varied while maintaining a constant length-to-thickness ratio
of 10, and the nonlocal parameter is set to 4.

As illustrated in both Fig. 4a and Fig. 4b, the natural frequency of the FG
nanobeams decreases with an increase in the material index. This trend implies
that higher material indices contribute to stiffer nanobeams, consequently lead-
ing to a reduction in their natural frequencies. Regarding the porosity models
depicted in Fig. 4a, consistent patterns emerge. Mass-density porosity consis-
tently yields the highest non-dimensional fundamental frequency values, indi-
cating that denser material configurations enhance stiffness and subsequently
decrease natural frequencies. Conversely, even porosity consistently yields the
lowest natural frequency estimates, suggesting that a uniform distribution of
pores results in a diminished dynamic response.
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(a)

(b)

Fig. 4. Variation of the natural frequency of an FG nanobeam with material index
(µ = 4, L/h = 10).

Similarly, in the context of volume fraction models illustrated in Fig. 4b, the
natural frequency decreases with an increasing material index, highlighting
the stiffening effect of higher material indices on the nanobeams. Among the
volume fraction models, the Viola–Tornabene four-parameter profile consistently
yields the highest values for non-dimensional fundamental frequencies, followed
by the power-law model. Conversely, the trigonometric model exhibits the lowest
deflection.
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These findings underscore the notable influence of the material index on the
natural frequency behavior of FG nanobeams, emphasizing its crucial role in
structural design and analysis.

7.4. Effect of types and porous coefficient ξ on the non-dimensional fundamental
frequencies

Figure 5 delves into the dynamic behavior of FG nano-beams under the influ-
ence of different porosity types and the porous coefficient (ξ), as demonstrated in

(a)

(b)

Fig. 5. Effect of types and porous coefficient ξ on the non-dimensional fundamental
frequencies (µ = 4, L/h = 10).



Dynamic analysis of FG porous nano-beams. . . 145

Fig. 5a. This investigation explores four distinct patterns of porosity variations:
even porosity, uneven porosity, logarithmic-uneven porosity, and mass-density
porosity. Additionally, various volume fraction models, such as the power-law,
Viola–Tornabene four-parameter, and trigonometric models, depicted in Fig. 5b,
are utilized to analyze the vibration characteristics while varying the porous co-
efficient (ξ).

The analysis involves adjusting the porous coefficient ξ from 0 to 0.5 in in-
crements of 0.05, while maintaining a fixed gradient index (P = 1) and the
thickness-to-span ratio (a/h = 10). Throughout these investigations, the nonlo-
cal parameter remains constant at 4.

Figure 5a shows cases of the varied impact of different porosity profiles on
the non-dimensional fundamental frequencies of FG nano-beams. Notably, the
mass-density porosity profile consistently yields the highest frequencies, followed
by uneven porosity, while even porosity exhibits the lowest values.

When the porous coefficient ξ increases, significant frequency enhancements
are observed for the mass-density porosity profile, with uneven porosity showing
a similar trend. However, logarithmic-uneven porosity experiences a slight in-
crease, while even porosity sees a minor decrease in frequencies.

The dominance of the mass-density porosity model in yielding higher fre-
quencies can be attributed to its consideration of true and apparent mass
densities, which accurately capture the distribution of mass within the porous
material. Moreover, increasing ξ amplifies the difference between true and
apparent densities, resulting in higher frequencies. Conversely, the uniform
distribution of pores in the even porosity model reduces stiffness and mass
density, leading to lower frequencies. The uneven porosity model predicts higher
frequencies due to non-uniform porosity concentration near the mid-plane,
reducing effective mass density. Lastly, the gradual logarithmic variation of
porosity in the logarithmic-uneven model introduces smoother changes in ma-
terial properties, resulting in intermediate frequencies compared to even and
uneven models.

In Fig. 5b, concerning volume fraction models, natural frequencies decrease
with as the material index increases. The Viola–Tornabene four-parameter profile
consistently yields the highest frequencies, followed by the power-law model.
Conversely, the trigonometric model exhibits the lowest frequencies, suggesting
a less effective distribution of material constituents in generating stiffness and
mass density.

To gain a deeper understanding of the interplay between the nonlocal pa-
rameter (µ) and the porosity coefficient (ξ) on the fundamental frequency of an
FG nanobeam, a 3D plot is presented in Fig. 6. This plot visualizes the relation-
ship between these three variables, providing a comprehensive overview of their
combined effect on the system’s dynamic behavior.
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Fig. 6. 3D Visualization of natural frequency variation in an FG nanobeam with nonlocal
parameter and porosity coefficient (P = 1, L/h = 10).

Figure 6 depicts a 3D plot where the x-axis represents the nonlocal param-
eter (µ), the y-axis represents the porosity coefficient (ξ), and the z-axis repre-
sents the fundamental frequency of the FG nanobeam. The plot is generated for
specific conditions, namely p = 1 and L/h = 10, allowing for a focused analysis
of the relationship between µ, ξ, and the fundamental frequency.

In Fig. 6, the 3D plot visually demonstrates how changes in the nonlocal pa-
rameter (µ) and the porosity coefficient (ξ) influence the fundamental frequency
of the FG nanobeam. As the nonlocal parameter (µ) increases, there is a general
decrease in the fundamental frequency, indicating that stronger nonlocal effects
lead to a softer response of the system and subsequently lower natural frequen-
cies. Likewise, for a fixed µ value, an increase in the porosity coefficient (ξ) re-
sults in a decrease in the fundamental frequency, reflecting the reduced stiffness
of a more porous material, which allows for easier vibration at lower frequen-
cies. This graphical representation underscores the intricate relationship between
µ and ξ in shaping the dynamic behavior of FG nanobeams, offering valuable
insights into their overall response.

We have performed a variance-based uncertainty analysis to assess the im-
pact of uncertain input parameters on natural frequencies. Results show that
the porosity coefficient (ξ) and the material index (p) contribute the most,
accounting for 60% and 25% of the total variance, respectively. The nonlo-
cal parameter (µ) and the length-to-thickness ratio (L/h) have smaller effects,
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with variances of 10% and 5%. This analysis underscores the need for precise
characterization of material properties and porosity distribution in FG porous
nanobeam modeling.

8. Conclusions

This study establishes a comprehensive theoretical framework for analyzing
the free vibration behavior of functionally graded (FG) porous nanobeams us-
ing the high-order shear deformation theory (HOSDT) and Eringen’s nonlocal
elasticity. The key novel contributions of this work are as follows:

1. Integration of Advanced Porosity Models: unlike previous studies that often
focus on a single porosity distribution, this work incorporates four distinct
porosity models uniform, non-uniform, logarithmic non-uniform, and mass-
density-based to accurately capture the effects of porosity on the dynamic
response of FG nanobeams. This approach provides a more comprehensive
understanding of how porosity distribution influences natural frequencies
and stiffness.

2. The use of High-Order Shear Deformation Theory (HOSDT): the appli-
cation of HOSDT allows for a more accurate representation of shear de-
formation and rotary inertia, which are critical for thick nanobeams. This
represents a significant improvement over classical beam theories, which
often neglect these effects.

3. Comprehensive Parametric Study: a detailed parametric investigation was
conducted to elucidate the influence of key factors, including the nonlo-
cal parameter, the material index, the length-to-thickness ratio, and the
porosity coefficient, on the natural frequencies of FG porous nanobeams.
This study provides new insights into the interplay between material het-
erogeneity, porosity, and small-scale effects, offering valuable guidance for
the design and optimization of these structures.

4. Theoretical and Practical Implications: the findings of this study have sig-
nificant implications for the design of FG porous nanobeams in applica-
tions such as nanoelectromechanical systems (NEMS), energy harvesting
devices, and biomedical sensors. The framework developed in this work can
be extended to include additional effects, such as thermal or electromag-
netic loads, and more complex geometries in future research.

In summary, this work advances the state-of-the-art in the dynamic analysis of
FG porous nanobeams by integrating advanced modeling techniques, providing
new physical insights, and offering a robust framework for future studies. The
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results underscore the importance of considering material gradation, porosity
distribution, and small-scale effects in the design and analysis of nanostructures.
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